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MODEL STARS* 
BY HENRY NORRIS RUSSELL 


The distinguished record of the Willard Gibbs Lecture is more 
than enough to place a newcomer upon his mettle. In accepting 
the kind invitation of your President to add my contribution 
to the list, I must warn my hearers, as I warned him, that you 
will not hear today such a masterly discussion of major con- 
tributions made by your speaker as you have heard when the 
topic was “Relativity and Thermodynamics” , or “Resonance in the 
Solar System.” My humbler task must be to report upon the 
work of others in a field which I have only lightly touched. 

The field itself is important enough, and the advances of 
knowledge in the past twenty years are sufficiently impressive. 
At that time we knew little, and dared not venture to guess 
much more, concerning the internal constitution of the stars;and 
some of the guesses which then looked best were wrong. Now 
we know enough to have interpreted some of the facts which 
then appeared hopelessly puzzling, and we still know little 
enough to afford room for very lively and enlightening con- 
troversy. Astronomy, physics, and mathematics have con- 
tributed to the advances. The astronomers contributed the ob- 
servational data, and had already provided a great part of these, 
two decades since. Modern atomic theory laid the foundations 
for the new structure, while mathematical analysis—of a kind 
simple enough to the mathematicians, but little used previously 
in astronomy ,—built it up. 

So far has the work already progressed that it would far ex- 
ceed the limits of this lecture, or of the time available for your 
lecturer’s preparation—not to speak of those of your patience— 
to give a detailed critique of the present situation. I will attempt 
only to give a general account of the problem, and deal in a 
sketchy fashion with some aspects of the solutions so far at- 
tempted, which elucidate something regarding the inner nature 


* The Thirteenth Josiah Willard Gibbs Lecture, delivered at New York 
City, October 31, 1936, under the auspices of the American Mathematical 
Society, at a joint meeting of the Society and the American Physical Society. 
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of the stars and something, too, regarding that of the investiga- 
tors. 

Perhaps the greatest problem of deductive physics may be 
posed as follows. Given a large quantity of matter, isolated in 
space, with all the necessary initial data regarding it, to find its 
subsequent history. Exhaustively handled, this would be a 
problem indeed. Its complete solution, according to the thor- 
ough-going mechanist, would render quite superfluous the whirl 
of straw-votes and political prognostications in which at the 
moment we are submerged. Leaving these high matters—or 
shall I say low?—and returning to the realms of dynamics and 
physics, let us note that the problem has been inadequately, and 
too comprehensively, stated. If the quantity of matter is sup- 
posed to be collected into a number of separate moving pieces, 
the study of their gravitational motions alone involves the 
whole problem of 1 bodies, or, if we choose to carry it back into 
the past, the more difficult questions of cosmogony. Let us as- 
sume then, that our matter is concentrated into a single lump; 
and again that this lump is so big that the molecular forces be- 
tween its least parts are insignificant in effect, compared with 
the gravitational forces which act upon it as a whole. This re- 
duces the problem of equilibrium substantially to one of hydro- 
statics, and greatly simplifies the discussion. 

We have now come to the astronomical problem; but it is 
still so big that it must be attacked piecemeal. The mass may 
be in rotation, whether like a rigid body or with angular velocity 
varying from part to part; or, even if it has no net angular 
momentum, it may not be initially in equilibrium, or at rest, 
and may subsequently undergo oscillations, complicated, in 
general, by the compressibility of the material. Consideration of 
these possibilities—which appear to be realized among actual, 
observable stars, and are of great astrophysical importance— 
should evidently be deferred till the simpler case of the mass at 
rest has been discussed. 

We have now a tractable problem of hydrostatics, since we 
have already assumed rigid forces to be negligible. The equi- 
librium configuration will obviously be spherically symmetrical, 
with concentric strata of equal density and the hydrostatic 
pressure p will be given by the familiar equation 


(1) dp = — pgdr. 
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From the elementary relation an important consequence fol- 
lows. We have in general, if dv is the volume element, 


J pao = po ff vap. 


Integrating from the center to the outer radius R, since the first 
term vanishes, we have 


R4 Gm 1 1 
(2) f pac -{ — — dr = =—Q, 
0 3 r 3 0 r 3 


where m is the mass inside a sphere of radius r, M the whole 
mass, and {its potential upon itself. 

Let us now assume that the pressure arises kinetically from 
molecular motions. Then p is two-thirds the energy-density 
arising from the translational motions of the molecules, and if 
E is the whole amount of such energy within the body, E= 2/2. 
Hence for any mass maintained at rest in hydrostatic equi- 
librium by molecular motion, one-half the energy necessary to 
expand it to infinity against its gravitation is present in the 
translational motions of the molecules. The sum total of all the 
remaining available energy of the matter—of molecular rota- 
tion, chemical and ionization processes, and so on—must be less 
than the translational energy; otherwise the mass could liberate 
energy by diffusing altogether into space. For certain stars, as 
we shall see later, the margin of safety is small. 

Further progress with our problem depends on the adoption 
of some relation connecting pressure and density. The simplest 
case—though by no means the first one to be discussed—is that 
of the cold body, a mass which contains no internal energy 
capable of transfer to another body, or radiation into space, in 
the form of heat. This is far from saying that it has no internal 
energy at all; the zero-point energy of the quantum theory 
remains. 

For low pressures, when cold matter is crystalline, the ex- 
pression for this is complicated, but at great pressures and high 
densities it becomes simple, for the matter is no longer crystal- 
line, but degenerate. 

I believe that Bridgman was the first to point out that a 
sufficiently great hydrostatic pressure, at however low a tem- 


i 

i 
| 


52 H. N. RUSSELL [February, 


perature, should suffice to break down the quantized structure 
of “electron orbits” in the outer parts of atoms, and reduce the 
whole mass to a swarm of separate electrons and nuclei. The 
quantum relations are still active, and the same restriction 
which ordinarily limits the number of electrons in a given shell 
now demands that not more than so many slow-moving elec- 
trons may be crowded into a given volume. When this state of 
degeneracy has been fully reached, the pressure and density are 
connected by the relation* 


(3) pb = Kip**, 

where 
1 3 2/3 h2 

(4) Ki= ——— = 9.86 
20\a2/ 


in c.g.s. units, H is the mass of the unit of atomic weight, m t 
that of the electron, and y’ is the mean mass, in atomic-weight 

units, per free electron in the completely ionized material. Here 

only the electrons are supposed to be degenerate. Degeneracy 

for the nuclei, though possible, does not come within the range 

of our discussion. 

The equations (1) and (3) suffice to determine the configura- 
tion of the mass completely. They present a particular case of 
the polytropic equilibrium which was thoroughly discussed by 
Emden,f{ in a memoir which has had great influence. 

If, in general, we set 


p = Kp'tus, 


and if we set 6"=p, £=r[(n+1)/4rG]"/, we find from (1), 
2 
(5) — — + = 0. 


This is Emden’s equation. For n=0 and n=1 it is easily inte- 
grated. For other values of 1 it defines new transcendental func- 
tions, though for n=5 it admits of the solution 0 = (1+ £?/3)-"/?. 
The solutions of this equation have been extensively studied, 


* E. A. Milne, Monthly Notices of the Royal Astronomical Society, vol. 91 
(1930), p. 30. 
7 Gaskugeln, Leipzig, 1907. 
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especially by R. H. Fowler.* For a given value of there is a 
double infinity of solutions. For the vast majority of these 8, 
when carried inward towards §=0, either increases without 
limit, or passes from originally positive values to negative. 
Only for a simple infinity of solutions is @ finite when £=0 
(and d@/d&=0). All these solutions may be derived from the 
one for which 6=1, £=0 by multiplying @ and dividing £ by 
appropriate scale-constants. These are obviously the only solu- 
tions which give results of physical significance, when applied 
to the whole of a spherical mass, though other solutions may 
apply to the outer parts of a sphere containing a core defined in 
some other way. With this limitation each value of the poly- 
tropic index m defines a perfectly definite law of distribution of 
internal density within the mass—which we may describe as 
the model on which it is built. 

These solutions were accurately computed by quadratures, 
by Emden, and his calculations have been extended, with still 
greater precision, under the direction of Comrie. The value 
n=0 gives a homogeneous sphere. As 1 increases, there is a 
steadily growing concentration of density toward the center, the 
ratio of the central to the mean density being as follows: 


n=0 1 25 2 7 3 4 4.5 4.9 5 
pe/pm 1.00 3.29 6.00 11.40 24.08 54.3 623 6378 9.35X10® « 


For n=5 the sphere extends to infinity, and for greater values 
of there is no finite solution with finite central density. 

These polytropic solutions have had a remarkable influence 
on later work in this field. In certain cases they appear naturally 
as a result of definite physical assumptions; for example, the 
“ordinary” degeneracy of equation (3) gives n=3/2, and Ed- 
dington’s famous solution 2 =3. There is no evidence, however, 
that they are in general inherently adapted to the solution of 
problems of the present sort, as the ordinary trigonometric 
functions, spherical harmonics, Bessel functions, and so on, are 
in well known cases; and there can be little doubt that, in many 
instances, the convenience of having a set of functions already 
computed has led theoretical workers to design their postulates 
so that they would be led to polytropic functions rather than 
to the very heavy labor of new quadratures. 


* Monthly Notices of the Royal Astronomical Society, vol. 91 (1930), p. 63. 
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In any case, the polytropic functions are well suited for 
choice as a generalized set of density-models, since, with a 
moderate range of the parameter , they represent all degrees 
of central condensation. It may finally be noted that at the 
boundary of such a sphere, 6, p, and p vanish, while d0/dé re- 
mains finite, though approaching zero as m approaches 5. 

Returning now to the degenerate cold body, we note that its 
central density is six times the mean density—not a high de- 
gree of concentration. If the mass M and molecular weight yu 
are given, all the properties of the body are completely deter- 
mined, as was first pointed out by Milne. 

In terms of the sun’s mass and radius, it is found that 


R 
— = 0.040 (|) p’—5/3, 
Ro 


420 


For masses comparable to the sun’s, the mean density is of the 
order of 15000y°. 

The white dwarf stars have densities of this order, which is 
just what might be expected if they are approaching, but have 
not yet reached, the loss of their internal heat. It is practically 
certain that they have highly degenerate cores, shading off into 
normal gas at the surface. Twenty years ago these stars pre- 
sented the most intractable—indeed, apparently unintelligi- 
ble—problem in astrophysics. Today they are closer to a com- 
plete theoretical solution than any others. 

When the pressure and energy-density become extremely 
great, and the velocities of the electrons approach that of light, 
a new stage of relativistic degeneracy gradually sets in. When 
it is complete, the equation of state is* 


6) (= 1.23 X 10'4y’-4/3 
( = Kzp*!?, 
P 8(u’H)*/3 


This leads to a polytrope »=3, with central density 54 times 
the mean. In Eddington’s opinion, the arguments which lead 
to this equation of state are erroneous, and equation (3) should 
hold good for all densities. Practically all other investigators 


* Chandrasekhar, Monthly Notices of the Royal Astronomical Society 
vol. 91 (1931), p. 458. 
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disagree with this conclusion, and the general consensus will 
here be followed. 

The transition between the two types of degeneracy has been 
worked out in detail by Stoner* and Chandrasekhar, who give 
the exact equations 


am4C® 


3h* 
H 
3h? 


[x(2x? — 3)(x? + 1)'/? + 3 sinh“x], 


p= 


Chandrasekhar, by an elegant piece of analysis,j has shown 
that in this case Emden’s equation must be replaced by 


do 1 \3/2 
n dy dn ye 


where y?=x?+1, r=an, y=yod, and @ and yo are constants. 
This equation takes exact account of the onset of relativistic 
degeneracy. Chandrasekhar has integrated it by quadratures. 
The radius depends on the mass in the following fashion (taking 
the sun’s mass and radius as units). 

M*z"? 0.88 1.61 2.44 3.53 4.31 5.29 5.48 5.73 
rp’ 0.040 0.031 0.025 0.019 0.014 0.008 0.006 0.000 

A new phenomenon here appears—the limiting mass M, 
=5.73/u’?. For smaller masses the limiting radius, though small, 
is definite. For M=M,, it is zero; while for larger masses, as 
Chandrasekhar shows, complete degeneracy cannot occur, since, 
even with the limiting model 1 =3, the energy-density required 
to balance the gravitational pressure exceeds that of the zero- 
point state, so that the mass can never be internally cold. The 
ratio of the two is independent of the radius, and no limit 
exists. 

Incidentally, in the relativistically degenerate state the pres- 
sure is one-third of the energy density, so that the whole of the 
energy of gravitational contraction will be exhausted in keeping 
up the pressure. A body of mass Mp, once it became relativisti- 


* Monthly Notices of the Royal Astronomical Society, vol. 92 (1932), p. 
651. 
T Ibid., vol. 95 (1935), p. 207. 
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cally degenerate, would therefore contract rapidly, with no need 
of getting rid of any surplus energy by radiation, while an 
ordinarily degenerate mass would have to radiate away half of 
the gravitational supply—which, in view of the low luminosity 
of white dwarfs, would take an enormously long time. 

The final state of a larger mass can only be conjectured. It is, 
of course, physically absurd to suppose that its density would 
become infinite. Whether, and when, the electrons or nuclei 
would be jammed so closely that their own effective volumes 
would have to be considered, cannot be definitely stated. Some- 
thing would have to happen, anyhow, by the time that the 
radius of the body was reduced to the relativisitic equivalent 
of its mass (about one mile for the sun)—but some one else had 
better say what would happen! 

For small masses, the formula based on degeneracy must 
also fail. A ton of matter, for example, cooled toward the abso- 
lute zero, would undoubtedly settle down as a crystalline mass 
of density not much different from that at higher tempera- 
tures, and the same should be true of bodies the size of aster- 
oids, or even of planets, though, in the latter case, the gravita- 
tional pressure would considerably increase the mean density. 

For such bodies, the radius obviously increases with the 
mass. In the degenerate case, the radius decreases with in- 
creasing mass. There must therefore be some intermediate 
mass for which the radius of a cold body is a maximum, and no 
body in the universe can be larger than this, unless it is hot in- 
side. Kothari and Majumdar,* following a suggestion of the 
speaker, conclude that the critical mass is about 1/200 the 
sun’s and the radius about 20,000 km. The problem of the cold 
body is determinate when once the total mass and the chemical 
composition are given, provided that the mass is great enough 
to produce ionization by pressure, and degeneracy, throughout 
most of its extent. Variations in composition will then affect 
only the mean molecular weight uw. For small masses, in which 
ordinary compounds occur, the complexity may be great; but 
such masses are observable only within the solar system. 

For hot bodies, the equation of state contains a new param- 
eter—the temperature—, and the increased freedom corre- 
sponds to the introduction of an arbitrary function into our 


* Nature, vol. 137 (1936), p. 157, 
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solutions. Suppose, for example, that we are dealing with a per- 
fect gas for which p= RpT/y, where R is the gas constant, and 
pw the mean molecular weight per free particle (including elec- 
trons, ions, neutral atoms, and molecules). We may represent 
any arbitrary spherical distribution of density by the equation 


(7) p = poX, 


where pp is the mean density (3/47) Mr-’, and X is a function 
of r, arbitrary except for a normalization factor. The hydro- 
static pressure P at any point follows by quadratures, and may 
be expressed in the form 


(8) 

where 

3G 

(9) Py = — M?r-4 
8x 


and is the pressure at the center of a homogeneous sphere, and 
Y is a function of r, completely determined when X is given. 
The gas-equation then gives 


(10) 


If the temperature at any point has this value, a sphere of any 
arbitrary density-model X will be in hydrostatic equilibrium 
throughout. With the numerical values for the sun, 


(11) T = 1.15 X 107 a (in Centigrade degrees) . 


We have therefore to deal throughout practically the whole in- 
terior of the sun (and of the stars at large), with temperatures 
enormously too high to permit the formation of compounds, 
with the great resulting complications. Indeed, the atoms them- 
selves will be very highly ionized—stripped almost to their nuclei. 
Under these conditions, the mean molecular weight yu is nearly 
the same for most of the elements, ranging from 1.9 for carbon 
to 2.3 for iron (as the calculations of Fowler and Guggenheim 
show in detail). For hydrogen, however, u =0.5. 

This greatly simplifies the discussion. The chemical com- 


= 


58 H. N. RUSSELL [February, 


position, if we include all known atomic species, is a function 
of 90 variables. In practice this number could be reduced to 
about a dozen by ignoring rare elements, and grouping others 
with similar properties. But for the present purpose atoms fall 
into two classes, hydrogen and the others, and the specification 
of the abundance of hydrogen suffices for a first approximation. 
A second, and still more important, consequence of the high 
temperature is that radiation pressure becomes significant (as 
Eddington was the first to realize). The hydrostatic pressure 
of radiation in an enclosure of temperature T is g=aT‘*/3, 
(a=7.6X10-"). If we set p=6P, g=(1—8)P, it follows that 


1—B aG (M\? 
(12) = — — — = 0.0325 
Bt 18 X4 x4" \o 


where © is the sun’s mass. The internal constitution of a 
gaseous star built on any arbitrarily assigned density-model 
is now completely determined, the temperature at any point 
being 6 times the value given by (10). An exact solution must 
take the variations of yx into account; but the ionization, and 
hence uw, at any point depends only on the Jocal temperature and 
pressure, and the composition of the material. If the latter is 
known, along with the pressure and density, the values of y, 6, 
and 7 are determinate, and may be found by trial and error. 
In the absence of any knowledge of the composition, our exact 
solution still involves an unknown function of ninety variables! 
To avoid hopeless complications, it is customary to assume that 
the material within our body is well mixed and of uniform com- 
position throughout. In this case the problem becomes quite 
definite; but whether the composition of the very thin surface 
layer which can be reached with the spectroscope is typical of 
the interior of a star must be settled, if at all, in other ways. 
Though a mass of gas of uniform composition may be in 
equilibrium with any arbitrary density model, it need not be 
stable. Models in which the density decreases inward at any 
point, for example, are obviously unstable, for vertical convec- 
tion currents would lead to a rearrangement of lower potential 
energy. The compressibility of the gas makes things worse, and 
the familiar condition for convective stability is that the tem- 
perature gradient shall be less than that value corresponding to 
an adiabatic transfer of gas from the higher to the lower pres- 
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sure. When changes in the internal energy of the gas are oc- 
curring—for example, when its degree of ionization alters— 
convection may set in despite a considerable temperature 
gradient. Unséld has shown, for example, that a convective 
region may occur just under the photosphere of the sun, where 
the hydrogen, highly ionized in depth, is almost entirely neutral 
at the surface, and thus the resulting currents, ascending above 
the top of the convective layer, and cooled by expansion in their 
last stages, give a reasonable explanation of sun-spots. Con- 
vection regions, with some models, may also occur in the deep 
interior. 

So far, we have ignored one rather important property of our 
model stars: we have not bothered to ask whether and how 
brightly they will shine. They must shine, for they are hotter 
inside than outside, and heat will flow from the hotter to the 
cooler regions. The three familiar processes of transfer, conduc- 
tion, convection, and radiation, must all be considered; but, 
under stellar conditions, the last is usually so much more effec- 
tive than the others that they may be neglected. 

If neutrons, with their long free paths, were abundant in the 
interior, conduction might be important, but consideration of 
this may be deferred until nuclear physicists have settled the 
question whether neutrons are stable enough to exist perma- 
nently in a medium where collisions are numerous and violent. 

The equation of radiative transfer of energy may be written 


(13) H=-—-—» 


where c is the velocity of light, and & the mass-coefficient of 
opacity of the medium. In the deep interior of stars, this arises 
mainly from the photo-electric ionization of the partly stripped 
atoms by incident photons—which for the most part have the 
energy and wave-length of soft X-rays. Scattering by free elec- 
trons plays a subordinate part. An exact calculation of opacity 
would be difficult, demanding a study of the energy-levels of the 
individual atomic types, and an integration of the effect over all 
wave-lengths, weighted according to the distribution of the 
radiation; but a good approximation can be obtained by smooth- 
ing out the individual peculiarities. The results of Kramers and 
Gaunt, which are generally accepted, lead to the formula 


ca 
7 
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(14) k = CpT-7!?, 


The coefficient C depends on the composition of the gas. Hydro- 
gen and helium, which are practically always reduced to bare 
nuclei, contribute very little directly to the opacity, though the 
electrons released from them do their share. 

For the total flux of radiation outward through a sphere, 
inside the star, of radius r, we find 


dq 
kp dr 


(15) l= 


This may be calculated for any model, and gives the flow of heat 
corresponding to the assumed conditions. If there are no internal 
sources of heat, the temperature and other properties of the 
mass—including in general the law of distribution of density— 
will change with the time. For a body which, like most stars, has 
a store of internal heat millions of times the annual radiation, 
the changes will be slow. 

If our model is to represent a star, we must endow it with 
sources of heat sufficient to supply the flux. The rate of libera- 
tion of heat, per unit mass, within the shell of radii r and r+dr 
must be 


1 dl 


(16 —. 
dr 


For a model chosen at random, € is likely to be negative in some 
regions, which must be supposed to contain sinks, rather than 
sources, of available energy. This assumption does not appear 
to be physically absurd, nor impossible; but it is aesthetically 
unattractive, and is very unpopular among model-makers. Un- 
til some specific reason can be given why, under specified con- 
ditions, heat or radiant energy should be frozen into some un- 
available form, this prejudice may well be respected. 

The exclusion of heat-sinks places considerable restrictions 
upon the permissible models—for example, it rules out the 
outer parts of many polytropic distributions—; but it still 
leaves our problem indeterminate by an arbitrary function. 

The solution becomes definite if the law of generation of 
energy is known. We may take #, g as independent variables, 
and have 


— 
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p = p(p, 9,u), equation of state. 
k = k(p,q,u), equation of opacity. 
e = €(p, 9,4), equation of heat generation. 
(17) kl — 
dm = 4npr’dr, dp = pdr, 
dl = 4mepr7d d. 
= 4reprdr, =— 


In the equations of state, and so on, u has been introduced as a 
sort of shorthand for the composition of the material. It actually 
represents a most formidable complexity, for there is the best 
of reason to believe that different isotopes may behave differ- 
ently as regards the liberation of nuclear energy, so that, in 
general, uw stands for a function of more than two hundred 
variables, whose relative influence may vary in an unknown 
fashion with r. 

We may cut the Gordian knot by assuming as before that the 
material is well mixed and of constant atomic and isotopic com- 
position. Then » becomes a definite, though complicated, func- 
tion of p and gq, depending on the ionization, and p, K, and ¢ 
are also known functions of 9, q. 

We may assume them to be one-valued and completely defi- 
nite, with no disposable parameters. This would not be true 
for the equation of state if two or more phases were present (as 
for a liquid at its boiling point); but the high temperatures of 
the stars, even at their surfaces, dispel the fear of such com- 
plications. 

The assumption that the opacity depends entirely upon the 
local values of p and q is not universally true, for k is a harmonic 
Rosseland mean of the values for different frequencies. If the 
incident radiation came from regions at a considerable distance, 
as is the case in a planetary nebula, or the envelope of a nova, 
its spectral composition would depend on conditions in its 
source. Inside a star, however, the opacity is considerable in a 
distance of one meter, and the differences between the local cir- 
cumstances and those in the region from which sensible direct 
radiation comes are entirely negligible. 
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More questionable is the assumption that e depends only on 
local conditions. It appears to be legitimate for the liberation 
of energy from sub-atomic sources—for cosmic rays, the only 
known external agents which might produce effects of this order, 
do not penetrate beyond the merest surface of a star. But it is 
certainly not true for the next largest known source of energy, 
gravitational contraction. The rate of exhaustion of potential 
energy is proportional—other things being equal—to the rate 
of contraction of the mass and is altered by any concomitant 
change in the density-model, while the rate of storage of energy 
by changes in ionization, and so on, depends on the rate of 
change of the local conditions. The whole analytical treatment, 
in which it has been tacitly assumed that the size of the mass 
and the internal distribution of matter do not change with 
time, is in this case inapplicable. 

Even sub-atomic energy must ultimately be exhausted, and 
no star which shines can therefore be in a perfectly steady state. 
But the time-scale of the resulting changes is so long that the 
neglect of the undoubted diminution of mass, and the probable 
changes in composition, presumably introduces no significant 
errors. 

We will now treat the functions p, k, € as one-valued and 
completely definite, and devoid of poles or other singularities 
for finite values of p, g. This last assumption is necessary if they 
are to represent physically real quantities; the former will fail 
for sufficiently low values of g, that is, of the temperature. By 
excluding this range, we will limit the applicability of our re- 
sults to actual stars very little, if at all. For very high tempera- 
tures and pressures the form of the functions is imperfectly 
known; but the assumption that their values are finite and 
definite ought still to be sound. 

We have now a system of differential equations of the fourth 
order. For any given r, we may assign any desired initial values 
of p, g, 1, m, and follow the corresponding solution indefinitely 
by analytical continuation, or by numerical quadratures, which 
is another name for the same thing. Our solution will have a 
physical meaning, so long as #, q, /, m are all positive. Within 
these limits, it may be interpreted as representing the configura- 
tion of a mass of matter, limited internally by a rigid sphere of 
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mass m, emitting the radiation /,, and externally by a rigid 
spherical wall absorbing the radiation ], and sustaining a pres- 
sure 

But if our model is to represent an autonomous star, it must 
satisfy certain boundary conditions. Two of these come at the 
center; we must have /=0, m=0, when r=0, since point- 
masses and point-sources of energy have no physical sense. 

The other applies at the outer boundary, and is less easy to 
describe with precision. It may be approximately stated by de- 
fining the boundary as the value of r for which p=0, and assum- 
ing that g=0 at the same point. But the actual temperature at 
and above a star’s surface is high. The equilibrium of the outer 
layer, which presents a simpler problem than that of the in- 
terior, has been fully studied and it is found that the tempera- 
ture falls asymptotically toward a limit 7) which is (3/16)'/* 
or 0.885 times the effective temperature T, defined by the flux 
of radiation escaping per unit area from the surface. The outer 
atmosphere of the star is nearly isothermal, and the decrease 
of density with height is approximately exponential. 

For a high value of gravity, such as prevails on the sun and 
most stars, the density drops from a considerable value to 
practically zero in less than a thousandth of the radius, so that, 
for practical purposes, the star has a sharp boundary. If qo 
is the value of the radiation pressure corresponding to To, we 
may define our boundary condition by saying that g approaches 
qo as p approaches zero. This is not a rigorous statement, for the 
equation of energy-transfer requires some modification in the 
outer atmosphere, but it is amply sufficient in practice. 

Indeed, the internal temperatures of the stars are so much 
greater than those at the surface that two solutions of the 
fundamental equations—one starting with p=0, g=0, and the 
other with ~=0, g=qo—when carried inward would soon differ 
by less than a millionth part, so that the simpler form of the 
boundary condition is practically sufficient. 

In a generalized study of autonomous gas-masses this would 
not be permissible. There may be solutions corresponding to 
bodies of such small density as to be translucent to a consider- 
able fraction of the radius. For these the diminution of gravity 
in the upper parts of the atmosphere has to be considered; and 
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the solution is much more complicated; but they are model 
nebulae, and not model stars. 

We might also consider the possibility of an outer envelope 
supported by differential radiation pressure, such as is directly 
observable in the solar chromosphere, and has been detected 
photometrically and spectroscopically about the remarkable 
eclipsing variable Zeta Aurigae; but the pressure at the base of 
such an envelope is utterly negligible from our present stand- 
point. 

Out of the four-fold infinity of solutions of our system of dif- 
ferential equations, only a single infinity will satisfy the three 
independent boundary conditions. The model stars which can be 
formed out of a precisely specified material therefore form a one- 
parameter family. For any given value of any property of such a 
model, for example, its mass, all its other characteristics—such 
as radius, luminosity, internal distribution of density—will be 
completely defined. There may of course be more than one solu- 
tion for the given mass, but the solutions will be discrete and 
definite. If any two properties of the series of models, for ex- 
ample, mass and radius, luminosity and effective temperature, 
are plotted as coordinates, the resulting points will lie on a 
definite curve. 

This important theorem is due to Vogt.* It has immediate 
practical applications. On the familiar diagram in which the 
absolute magnitudes of the stars are plotted against the spectral 
types, the majority of the points lie on a narrow band—the 
main sequence—extending from the hot and luminous B-stars 
to the cool, faint M dwarfs. This sequence may represent a 
series of stars of similar composition but different masses. The 
scatter of the points about the median line is too large to at- 
tribute to observational error, but is just what might be ex- 
pected from minor differences in composition. The other im- 
portant sequence (the normal giants) may perhaps represent 
a series differing in composition—or dependent on some more 
easily liberated source of energy. But all across the upper part 
of the diagram are points representing the super-giant stars, 
which are scattered almost at random over a large area. These 
suggest very strongly that, among the stars of great mass and 
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luminosity, there are important differences of composition or of 
energy-generation involving at least one continuously varying 
parameter. It may be, as Strémgren and Kuiper have sug- 
gested, that the properties of stars of small mass are much less 
sensitive to this parameter, and that the narrow spread along 
the lower part of the main sequence corresponds to the wide dis- 
persion of the super-giants; but this is still speculative. 

I must come back from real stars to models. The actual com- 
putation of the set of models corresponding to given functions 
p, k, €, would be exceedingly laborious. One starts, of course, 
at r=0, with promising assumed values of ~ and q, and deter- 
mines m and /, and then dp/dr and dg/dr, by quadratures of the 
usual sort. Two of the three boundary conditions are thus in- 
cluded at the start. The integration is continued until p (or q) 
approaches zero, or begins to run wild. It would be an extraor- 
dinary piece of luck if the initial values should be chosen so that 
p and q vanished simultaneously. If they do not, the quad- 
ratures are repeated, starting, for example, with the same value 
of g and another of p; and this process of trial and error is con- 
tinued until the boundary condition is bracketed and then 
reached by interpolation. This gives a model star with assigned 
central temperature. Repeating the whole process for various 
values of g, the series of models can ultimately be obtained. 

It is not surprising that no complete series of such models has 
so far been calculated. A few interesting cases, based upon 
plausible laws of heat-generation, have been worked out by 
Steensholt, Biermann, and others, but not enough has yet been 
done to reveal fully the theoretical way in which the radius and 
surface temperature change with the mass. 

The time is hardly ripe, indeed, for so great a task; for very 
little is yet known regarding the rate of liberation of sub-atomic 
energy which should occur in a gas of specified composition, 
pressure, and temperature. 

It is now generally believed that the source of stellar energy 
is to be found in the transmutation of hydrogen, or of neutrons, 
into heavier atoms, with disappearance of the excess of mass 
possessed by the proton or neutron, and liberation of the cor- 
responding amount of energy. The alternative hypothesis, the 
annihilation of atoms, with transformation of the whole mass 
into energy, is now little considered, since there is no evidence, 
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theoretical or observational, that it may occur, while a host of 
reactions of the other sort have recently been produced in the 
laboratory, and studied in detail. 

When the laws which govern these processes have been fully 
worked out, it may be possible to predict € theoretically and 
proceed to a complete and rational theory of the stars; but 
enough is already known to indicate that a fairly detailed 
knowledge of the atomic and isotopic composition of the ma- 
terial will be a prerequisite for any precise calculation. 

Empirical models of stellar interiors will probably remain 
useful for a good while to come, and we may well discuss some 
of these. 

First in order of time, and, even yet, of importance, is Ed- 
dington’s “standard model,” a name given by his friendly critic, 
Milne. Let Z, M be the values for the whole star, and let 
1/m=nL/M. Then, by (15), since m= — (r?/Gp)(dP/dr), 


(18) 4ncGM dq 


When Eddington originally derived this relation in 1916, noth- 
ing definite could be theoretically predicted about either k or 7, 
and the assumption that each was separately constant had the 
merit of simplicity, and also of giving a directly integrable 
equation. If kn=Ko, we have 


KoL 


19 = (1—8)P 
(19) q=(1-8)P, B incGM 


where the constant of integration is taken to be zero, on ac- 
count of the low surface temperature. Substituting in equation 
(12), we have 


P3y! 
= const. or 


= const. 
p 


If u is constant throughout the mass, this leads to P « p*/*, and 
to the Emden polytrope n=3, and the model is completely de- 
termined, the central density being 54 times the mean. 

t We may take account of variations of uw qualitatively by 
assuming that u« p*, and get a polytrope of index 3/(1—x). This 


| 
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is of course an ad hoc procedure to secure a polytrope, while 
the original assumptions led to one naturally; but its value ap- 
pears when we note that the ionization decreases, and yp in- 
creases, toward the surface, which demands a negative x, a 
polytropic index less than 3, and a smaller central condensa- 
tion. 

We now have L=(4rcG/Ky)M(1-—§8). For this polytrope 
Y?/X4=0.091, so that 


1-8 M\? 
B* © 


The last two equations express the renowned mass-luminosity 
relation. Determining Ky empirically, from the accurate data 
for Capella, Eddington found that his curve represented the 
reliable data then existing for the whole range of masses, un- 
expectedly including the faint and dense red dwarfs, and was 
thus led to the realization that the high ionization inside the 
stars caused the material to behave practically like a perfect 
gas, even at very high density. 

With the physical law k« pT~*/? and the polytrope »=3, the 
condition kn=const. demands sinks of energy near the sur- 
face. This difficulty can be avoided by altering the model for 
the outer part of the star, with but small change in the mass- 
luminosity relation. In the main part of the interior, € increases 
rather slowly toward the center, being roughly proportional 
to 

If we keep 7 constant, assume the general polytropic relation 
T «BO, px0, P«@"+!, and confine ourselves to stars of small 
masses, we find easily that = 3},a result due to Jeans. This poly- 
tropic solution, however, does not hold good for the whole model, 
for (1—8) and becomesso large near the surface that an 
approximation fails. Only the separate assumptions k=const., 
n=const. lead therefore to a strictly polytropic solution. 

Another interesting model is that in which the whole liberation 
of energy is supposed to take place in a point-source at the 
center. The solution must be made by quadratures, and the first 
computations were made by Eddington. Some general proper- 
ties were later worked out analytically by Cowling.* Near the 
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center of this model is a hole where the enormous radiation pres- 
sure drives the matter away, and leaves almost a vacuum. 
Though physically unreal, this model is useful as the limiting 
case of extreme concentration of the energy sources in the inner 
and hotter regions. 

Eddington’s calculations—made for a single case, with mass 
5.02 times the sun’s—revealed one important fact. The luminos- 
ity of the point-source model was fainter by only 0.97 stellar 
magnitudes than that of a standard model of the same mass, 
radius, and composition. For models of the latter type, with 
masses ranging from 0.2 to 20 times the sun’s—about the actual 
range among the stars—the luminosity varies by 16 magni- 
tudes. The effects of the great change in the model are almost 
negligible in comparison. 

Later investigations have fully confirmed this conclusion. For 
stars of the same composition, the mass-luminosity relation is 
extraordinarily insensitive to variations in the model. The 
fullest discussion is Vogt’s.* He finds the relation (in our nota- 
tion) 


= m(1 — r) +—— ], 
 dlogP 

where 

y3 

tog ( ) 
xs d logX 
x(r) = = 3 - 
d log P d log Y 


For homologous stars, with the same density-model, x(7) is 
the same at homologous points. If the values of 8, x, - - - are 
taken for a sphere enclosing, say, 99 per cent of the mass, the 
luminosity of the star as a whole will be reproduced within the 
errors of observation. The term d log yu*/d log P is small. It is 
possible to design a model such that x(7) has any value; but it 
will usually be small. For example, for the polytrope of index n, 
x =(3—n)/(1+m), and changes only from +0.60 to —0.33 as 
nm runs from 1.5 to 5, which includes the range of central con- 
densation likely to be met with. The greatest corresponding 
change in stellar magnitude is —0”.95, when 6 = 1. 

If the zero-point of the mass-luminosity relation is deter- 
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mined from the stars themselves, the course of the curve will be 
almost the same for a great variety of models. The conspicu- 
ous agreement of observation with this curve, which is fully con- 
firmed by all the data now available, is therefore strong evi- 
dence in favor of Eddington’s general theory of stellar luminos- 
ity, but not diagnostic in favor of his original model, or any 
other. 

For a given model and mass, the predicted luminosity is 
greatly influenced by the assumed mean atomic weight y, since 
1—6« For a mass composed predominantly of hydrogen, 
pu is close to 0.5; for one of heavy atoms, it is about 2.2, and yp‘ 
changes by a factor of 370, corresponding to 6.4 magnitudes. 
With increasing percentage of hydrogen, the luminosity rap- 
idly diminishes. For a mass of almost pure hydrogen, the ef- 
fect is reversed, for the opacity arises mainly from the metals; 
and becomes very low when these are absent, so that a pure 
hydrogen star would again be bright. These principles, dis- 
cussed by Eddington,* have been fully worked out by B. 
Strémgren,{ who finds that, if the coefficient in the opacity 
formula is taken strictly from theory, the observed luminosities 
usually lie about midway between the upper and lower limits, 
and can be accounted for by a percentage of hydrogen (by 
weight) which is close to 30 for most of the stars for which good 
data are available. (There is an alternative solution, with more 
than 99 per cent of hydrogen, which appears to be improbable.) 

Strémgren, from rather weak data regarding certain eclipsing 
variables, concluded that the percentage of hydrogen in giant 
stars is considerably smaller; but this conclusion is not con- 
firmed by your lecturer’s just-completed work on visual double 
stars, and the question must remain sub judice for the present. 

We are now faced with a serious problem. Why should the 
observed correlation between mass and luminosity be as close 
as it is? Differences in the hydrogen content alone may account 
for a range of over five magnitudes in the luminosity of a star 
of given mass. The extreme observed range (corrected for errors 
of observation) is perhaps one-third as great. The stars, in 
general, appear to be very similar in composition, or at least in 
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hydrogen content. The future explanation of this must be sought 
from nuclear physics—evidently no theory of stellar models can 
account for it. 

It is noteworthy, however, that the observational evidence of 
similar hydrogen content comes entirely from main-sequence 
stars and giants, for which Vogt’s Theorem indicated similarity 
of composition, at least within each group. We have as yet no 
data regarding the masses of super-giants, except for rather 
doubtful estimates for Cepheid variables. 

Another apparent difficulty, however, is more easily solved. 
With the accepted expression for the opacity, the mass-lu- 
minosity relation takes the form 


L = const. M5-5g7-5y8-5R-0-5, 


On account of the factor R~'/?, a star of given mass may be 
provided with any assigned luminosity by adjusting its radius. 
Why then do we find a mass-luminosity correlation? We may 
introduce the effective surface temperature JT, in place of R, by 
the relation L=const. R?T,', and so find 


L = const. M4-4B&°-8T ,°-8, 


Now L is the bolometric luminosity, corresponding to the total 
heat-radiation. For values of T, between 4000° and 10,000°, a 
considerable percentage of this is in the spectral region accessi- 
ble to visual or photographic observation. A five-fold increase 
or decrease of temperature would throw all but a beggarly frac- 
tion of the radiation into unobservable regions, so that observa- 
tional selection would give us an apparent mass-luminosity cor- 
relation if no real one existed. 

The remarkable correlations which exist between L and 7, 
for the actual stars make this explanation irrelevant. Their 
origin is again to be sought in nuclear physics. 

An important addition to our stock of stellar models results 
from Milne’s extensive work. He approaches the problem from 
a new direction. Previous investigators had assumed a knowl- 
edge of most, if not all, of the properties of stellar matter— 
molecular weight, opacity, energy-generation—and deduced the 
luminosity and radii of stars as functions of their masses. 
Milne starts with the information that a star has a given mass, 
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luminosity, and radius, and inquires what configurations may 
possess these values. The results of the different lines of ap- 
proach are well illustrated by the over-simplified but tractable 
standard model, in which e and & are supposed to be constant. 

Eddington’s original analysis showed that, in this case, a 
model of mass M, composed of perfect gas with given values of 
k and p, must have exactly a certain luminosity Lo, though it 
may have any radius whatever. This solution enriched astro- 
physics with the mass-luminosity law; but it has what Jeans 
has quite justly called “weird and wonderful properties,” for it 
demands that ¢ shall have the precise value L)/M and no other, 
that is, that a star of given mass must generate energy at 
exactly this rate if it is to be capable of permanent existence. 
These strange properties are, however, purely fictitious—a re- 
sult of the arbitrary assumptions k=const., 1 =const. Under 
these conditions, the free parameter determining the set of solu- 
tions consistent with Vogt’s Theorem is the radius R, and the 
weirdness of the results represents only the fact that the graph 
of such a set, in the MR plane, is a horizontal straight line. If 
either & or u is supposed to vary with the physical conditions, 
the paradox vanishes (except for specialized functional forms 
such as k=p/T®*, which bring it back). 

Milne, studying the configuration of a mass M, with the same 
constant p and k, but a different e (or L), was led to the solutions 
of Emden’s equation which had previously been passed over 
because of the existence of central singularities. 

If L <Lp, the solution, carried inward from the known vaiues 
at the surface, exhausts the mass before the center is reached. 
A mass with a hole in the middle is physically absurd; but it is 
not absurd to ask what would become of a mass M, composed 
of real gas possessing the given properties. Milne shows that it 
would collapse and increase in density until the simple gas- 
laws failed to apply. The decreasing compressibility then makes 
a solution possible, with a high but finite central density, and a 
small radius. For L >Zpy the mass is not exhausted as r tends to 
zero. If L—Ly is small, equilibrium may be attained, formally, 
by placing a point-mass at the center, or, in a physically signifi- 
cant manner, by assuming the existence of a small core of high 
density, within which the equation of state is different. When, 
however, L exceeds a certain limit Z;, equilibrium is impossi- 
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ble, for the radiation pressure exceeds the gravitational, and the 
mass must expand to infinity. 

Milne’s later studies,* on a generalized standard model, in 
which ¢€ is the same throughout, but k is substantially zero in the 
degenerate core and constant in the envelope, show that the 
configurations of models of fixed mass, but different e and L, 
will be of the collapsed type if L <L» (the value corresponding to 
Eddington’s simple solution), and centrally condensed if L > Lp. 
Above a certain limit Zmax, no equilibrium configurations exist. 
Between this and Lo, there are two centrally-condensed solu- 
tions, differing in radius, size of core, and other properties. If all 
these configurations are arranged in order of the relative radius 
of the core, the series becomes linear. 

Starting with the familiar diffuse solution, with no core, and 
L=Lp, the configurations with a small core are centrally con- 
densed, with increasing L. For a certain core-radius L is a maxi- 
mum. So long as L>JZp, the configurations are still centrally 
condensed. The transition to the collapsed type takes place 
through a quasi-diffuse configuration of small radius, and with 
a degenerate core, but with the outer portion exactly the same 
as a diffuse configuration of the same size. Finally L=0 when 
the whole mass is degenerate and cold. 

This linear series is not of the type predicted by Vogt’s 
Theorem, for e, and hence the composition, varies along it. But, 
from a complete set of solutions of Milne’s problem, for different 
values of M (k and uw being the same throughout) it would be 
possible to pick these for which L/M had a constant value 6, 
and so obtain a series consistent with the theorem (since the 
transition from the perfect gas to the degenerate equation of 
state, though supposed for convenience to be abrupt, involves 
no disposable constants). From Milne’s calculations it appears 
probable that the original diffuse configurations would have the 
greatest radius. 

The collapsed models toward the end of this series, with large 
degenerate cores and small luminosities, afford an admirable 
representation of the white dwarfs, and a notable triumph for 
Milne’s analysis. The earlier stages have not yet been definitely 
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matched with actual stars, but may be represented by the 
fainter red dwarfs. 

However accurate our knowledge of the law of opacity, and 
the luminosity of individual stars might become, there is still 
great difficulty in the approach from this side, for the molec- 
ular weight in the sub-surface layers depends greatly on the 
abundance of hydrogen, and Ly) depends on this. Unless some 
way can be found for determining the hydrogen abundance a 
priori—and accurately—it remains as a disposable parameter. 
By adjusting it, Ly) can be made equal to the observed L, over 
a wide range of the latter, and even the type of the configura- 
tion changed. Change of the radius with the size of the core 
affords a better hope of solution; but, unfortunately, the effec- 
tive temperature, surface brightness, and diameter of a faint 
red star are very difficult to determine accurately by observa- 
tion; so the question remains unsettled. 

It is generally agreed that collapsed configurations are always 
of small radius, and so can represent only white dwarfs. Whether 
centrally condensed configurations can exist with large radii is 
still a matter of debate. Milne, from certain general considera- 
tions, believes it probable that they do (in advance of detailed 
calculations to settle the question). Eddington* and Chan- 
drasekhar,{ from a discussion of the outer region, or envelope, 
of a model star, conclude that they do not, but their latest work 
involves simplifying approximations. 

There is a possibility of answering this question in quite a 
different way. In a close binary pair, the individual stars must 
be flattened at the poles by their rotation. If the orbit is eccen- 
tric, the periastron will then advance, at a rate depending not 
only on the masses and radii of the components (which are 
known from observation) but on the degree of central con- 
densation. Several cases of apsidal motion of this sort are 
known, and in one, Y Cygni, a complete revolution of the ma- 
jor axis has been observed. 

This hope of obtaining definite information about the internal 
density has been shattered by recent investigations of Walter. 
In the case which occurs most often, the rotation and revolution 
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periods of the stars coincide, and they are drawn out into 
ellipsoids by tidal forces. Treating these ellipsoids as rigid, 
Walter has shown that the motion becomes much more compli- 
cated. The major axes of the ellipsoids oscillate about the line 
joining their centers; there are then three free periods instead 
of one, and it is found that the line of apsides should slowly 
retrograde. 

If the stars have broken loose from tidal control, and are 
spheroids, with rotation periods shorter than the orbital, the 
periastron advances—and it is noteworthy that, in all cases in 
which an advance has been observed, the components are rather 
small compared with their mutual distance, so that this hy- 
pothesis is reasonable. But, in this case, the exact rotation 
periods are unknown, and the resulting oblateness, and theoreti- 
cal motions of the apse, share the uncertainty. 

An extensive literature, and some controversy, has grown 
out of Milne’s work. The difficulty has arisen largely from the 
great difference in the manner of approach to the question. 
Speaking roughly, Eddington and his school state it as a physi- 
cal problem—what will happen to a mass of real matter, or, at 
least, of matter idealized no more than is necessary, to get 
something that can be handled analytically? Milne and his fol- 
lowers state a mathematical problem—given the mass, luminos- 
ity and radius of a body, what may be inferred regarding its 
internal constitution, assuming the exact validity of certain 
equations of state, and the like? The student whose thought pro- 
ceeds habitually along either line has sometimes hard work not 
to misunderstand the other. One may sympathize with Ed- 
dington when he said years ago, in answer to doubts regarding 
the convergence of a series: “Surely this verifies my statement 
that C is negligibly small. I need scarcely say that I have not 
suggested that we should neglect 10,000,000,000 C.”; and 
equally with Milne, when he found that his expression, “a star 
endowed with sources of energy totalling to L,” had been inter- 
preted by his critics as “provided with sources of fixed total 
strength L,” when he actually meant “possessing sources which, 
under the actual internal conditions, total L”—without hy- 
potheses as to what they might be under other conditions. Both 
lines of approach are valid, and both have led to notable ad- 
vances in astrophysical knowledge. When the underlying equa- 
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tions rest upon well-established physical principles, they 
naturally lead to the same results—when misinterpretations and 
occasional casual slips have been cleared up. When no accepted 
physical basis is yet available, the postulates preferred by vari- 
ous investigators may differ, and the results diverge, but it is 
just in this way that knowledge is ultimately advanced, when 
some decisive test has been found. 

One final phase of the subject demands discussion—which 
must now be brief. We have so far dealt only with the existence 
of equilibrium, and not at all with its stability. A stellar model 
may fail of permanence in several ways. 

It may be in unstable gravitational equilibrium. The best ex- 
ample is a mass for which a small change in the total kinetic 
energy of the molecules and photons involves a change in the 
internal energy (of ionization, for example) of the same sign and 
greater in amount—in other words, one in which the ratio y of 
the specific heats is less than 4/3. A contraction of such a body 
would liberate a certain amount of gravitational energy, but call 
for the imparting of a greater amount to the mass to maintain 
it in equilibrium. It would therefore be out of balance, contract 
still further, and make things worse. A small expansion would 
release more energy than was required to lift the mass against 
gravity, and result in expansion at an increasing rate. A mass 
of perfect gas, with y <4/3 (if such were possible), could there- 
fore never be in stable equilibrium; it would either contract 
indefinitely or expand till it was dissipated altogether into 
space. 

No such startling behavior need be feared for a star as a 
whole; but it is possible that in certain zones—where, for ex- 
ample, several electrons are being removed in rapid succession 
from the L-shells of abundant atoms—the effective value of y 
might fall locally below the safe limit. If such a state should be 
gradually approached—say during the slow contraction of the 
star—a rapid and catastrophic contraction of the affected zone 
might set in, resulting in a change of model, and a great libera- 
tion of gravitational energy, which, at the start, would appear 
as heat—sensible and latent—in the collapsed zone. Following 
an idea of Milne’s, it may be surmised that an internal collapse 
of this sort (not very deep within the star) may supply the 
energy for the explosive outburst of a Nova. 
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A star is in thermal equilibrium if it contains internal sources 
of heat sufficient to supply the loss by radiation. A disturbance, 
for example, by a homologous contraction, will alter the rate 
of loss—increasing it if kx p7~7/? and Lx R—/?. If the source- 
strength is increased more than this, the star is stable. This 
happens because a star, as a whole, has a negative specific heat; 
contraction increases the internal temperature, but dimin- 
ishes the total internal energy, when gravitation is taken into 
account. The generation of excess heat within it, after contrac- 
tion, therefore causes expansion and restores the status quo. 

A star with constant e (for example, one deriving its energy 
from radio-activity) would therefore be thermally unstable. The 
rate of liberation of heat from sub-atomic sources, however, 
would presumably increase very rapidly with the temperature, 
and avoid this. The danger, in any case, would not be immedi- 
ate, for, with the definition given here, a star which derived its 
energy wholly from gravitational contraction would be quite 
unstable; yet, if comparable with the sun, it would continue 
shining for millions of years. 

The third danger is of pulsatory instability—or “overstabil- 
ity” as Eddington has called it. Under dynamical forces alone, 
a gravitating mass of gas, if compressed to less than its equi- 
librium volume, would. expand, over-shoot the mark, and be 
left in oscillation—the fundamental type being a simple radial 
pulsation, or change of volume of a spherical mass. In an actual 
mass the leakage of heat from hotter to colder regions would 
tend to damp the oscillation out. The pulsation would alter 
the rate of generation of heat inside, and of escape from the 
surface; but a change in the mean radius would equalize the 
integrated values of the two over the period. If, however, the 
rate of generation increased rapidly with temperature, most of 
the heat would be liberated when the star was smallest, and 
thus provide a series of expansive impulses, timed just so as to 
increase the oscillation. If this effect was greater than the damp- 
ing, the amplitude of pulsation would increase exponentially 
(at least until other modifying forces began to operate) and the 
star would be overstable. 

Investigations by Eddington and Jeans indicate that this is 
to be feared, provided that ¢ increases much faster than T?. This 
presents a very serious difficulty, and has led Sterne and others 
to believe that the source of energy is to be sought in small, 
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highly condensed central regions, where, at a temperature 
exceeding 10° degrees, reversible transformations of matter into 
radiation may occur. The difficulty has however been sub- 
stantially removed by Cowling* who finds that, if ¢ increases 
rapidly with 7, the temperature gradient will be so high that a 
zone of convection will be formed in the interior of a star. This 
leads to important changes in the density model, and, in par- 
ticular, removes the holes of low central density which appear 
in some models carefully calculated from plausible laws of 
energy generation. 

Cowling’s analysis shows that e may vary as rapidly as T?° 
without causing over-stability, unless the value of y for the gas 
itself is close to 4/3. 

From one standpoint, the business of building model stars 
may be regarded as highly successful. Starting with the most 
general principles of physics, models have been constructed 
which closely represent the properties of stars—not of one sort 
alone, but of practically all types—and satisfy the conditions 
of stability. The mass-luminosity relation, and the enigmatical 
white dwarfs, have been explained. 

From another aspect, most of the work is still to do. The 
analytical problems which remain—such as those presented by 
zones of convection—can probably be solved, approximately 
at least, by ingenuity in discussion and assiduity in quadra- 
tures. But the physical problems still baffle us. From the nature 
of the situation, no unique solution for the law of energy gener- 
ation can be derived from a study of the properties of stars asa 
whole, even if these were known with high precision. There is a 
much better chance of being able to deduce the generation law 
from nuclear physics; but present knowledge indicates that this 
is likely to depend on the composition of the material in a com- 
plicated fashion, so that the problems of steady states and pos- 
sible evolution of the stars, and of the relative proportions and 
possible transmutation of the elements within them are likely 
to be intimately connected, as Atkinson’s pioneer work has 
shown. 

We may not live to see the final success; but, when it comes, 
it will the more enlarge our knowledge of the Universe. 


PRINCETON UNIVERSITY 


* Monthly Notices of the Royal Astronomical Society, vol. 96 (1935), p. 42. 
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DIVISORS OF SECOND-ORDER SEQUENCES* 
BY MARSHALL HALL 


1. Introduction. Given a recurrence of second order 
(1) = — dtp, 


where a and b are integers, and the initial values uo, m (integers) 
are terms of a sequence (u,) satisfying (1), it is an interesting 
problem to determine whether or not a given prime # will divide 
some u, of the sequence. Morgan Ward? reduced this problem 
to the standard problem on recurrences of determining the re- 
stricted periods modulo p of (1) and an auxiliary recurrence of 
second order. His method is somewhat indirect and uses the as- 
sumption that yp, the restricted period of (1) modulo #, is even. 
This paper obtains a similar reduction of the problem by a some- 
what more direct method and makes no assumption on uy. 


2. Some Exceptional Cases. The appearance of p as a divisor 
of some u, evidently depends solely upon the values of a, 3, 
uo, U1, modulo p. If p stands in certain relations to these num- 
bers, the theory of the sequence (u,) modulo is different from 
the general theory. It is convenient to treat these unusual cases 
separately, and then exclude them from further consideration. 

CASE 1. pla, p| b. 

Here p| u, for n=2. 

Case 2. pla, pl 

Here u,=a"—'u; (mod p) for all 22. Hence either p divides 
all uw, for n=1 or none. 

Case 3. pla, plo. 

Here ten=(—))"Uo, and p divides all or 
none of ue,, and all or none of ten+1. 

CasE 4. pla, p divides either or 

Then p divides either u,, Or Unys1, Where p is the restricted 
period of (u,) modulo p. 

CAsE 5. p| (a?—4b), pia, b, uo, m1. 

Then ~p cannot be 2 since pia. Let a=2a’ (mod p), then 


* Presented to the Society, April 20, 1935. 
* M. Ward, An arithmetical property of recurring series of the second order, 
this Bulletin, vol. 40 (1934), p. 825. 
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b=a’? (mod p), and we consider tns2=2a'Un41—@/"Un, giving 
u, Now a’u94#0 (mod p). Hence u, 
can be divisible by p if u;—a’u0 (mod p), but not if u;—a’u% 
=0 (mod p), that is, if 2u,—au)=0 (mod p). 

CASE 6. 


= — ue + — bug, pluo, m1. 


Here 


Uo ty 
— =—=s 0 (mod p) and Un = (mod p), 


U2 
and u, is never divisible by p. 


3. The General Case. The characteristic polynomial of (1), 
f(x) =x?—ax+b=(x—«a)(x—aez), has distinct roots, since p 
does not divide the discriminant (a2—a,)?=a?—4b. Hence we 
may write 


— Uy Uy — 


Un = C101" + Coa", where ¢1 = a= 


ay 
In the field K(a,), which is either the rational or a quadratic 
field, the conjugate ae is included as ag =a—ay. In this field let 
P be a prime ideal dividing ». Now 


a? — 4b 
N(P) = ?? if ( ; ) = —1, and 


a? — 4b 
N(p) = p if ee =+1. 


We note that in this field P does not divide either a; or a2 as p 
does not divide a,a2=b, nor does P divide either the numerator 
or denominator of c; or C2, as p does not divide (az2—a,)? =a? —4b 
or (44 — (UpQe — U1) = — UP bu? . This will permit us 
to take indices of these quantities with respect to a primitive 
root modulo P. 


LEMMA. p has the value (N(P)—1)/(Ind (a:/az), N(P)—1). 


It is well known that yp is the rank of apparition of p in the 
sequence u, =(aj' —az)/(ai1—az), that is, the least positive for 
which u, =0 (mod p). For this it is sufficient that u,=0 (mod P), 
since a rational number divisible by P is also divisible by ?. 


Up Uy | 
Uy Ue | 
| 
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This yields af =az (mod P), whence taking indices, Ind a 
=nInd a2(mod (N(P) —1)), or (a;/a2) =0(mod(N(P) —1)). 
The least positive value of m that satisfies this condition is 
(N(P)—1)/(Ind(a;/az2), N(P)—1), and consequently » must 
have this value. 

THEOREM. The number p will divide some u, of the sequence 
(un) satisfying (1) if and only if pw, the restricted period of (1), 
divides M, the restricted period of 


= (Guo — — (uP? — + bu?) U,. 
If ca? +c2a2"=0 (mod P), then 


nInd (=) 
a2 


and conversely. Now a congruence An=B (mod C) has a solu- 
tion n if and only if (A, C)|(B, C). This becomes 


By the lemma 


ay N(P) 
ae 


The lemma also yields 


— N(P) 
C1 M 


since —C2/c, = (upa2— /(upay— U1), and upay— and 
are the roots of =0, which 
is the characteristic of the recurrence for U,. By substitution we 
obtain as a necessary and sufficient condition that p divide 
some 


Ind (— (mod (N(P) — 1)), 


1 


N(P) -—1 N(P) -—1 
M 


or M\u. 


We note that the exceptional cases are those in which p divides 
any one of uo, %, the coefficients of the two recurrences, and the 
discriminant of (1). 


YALE UNIVERSITY 
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NOTE ON GROUP POSTULATES* 
BY HERBERT BOGGS AND G. Y. RAINICH 


1. Introduction. A notet by R. Garver in which he proves 
(following Huntington) that the existence of the product may 
be deduced from the existence of the right and left quotients 
and the associative law of multiplication suggests that it might 
be interesting to consider division (or the two divisions in the 
non-commutative case) as the fundamental operation, and to 
formulate a system of postulates in terms of that operation so 
that multiplication does not appear in the postulates at all. 
This naturally leads to a translation of the associative law of 
multiplication into a form which involves divisions only. That is 
what we do in the following paragraphs. A system of group 
postulates in terms of division has been given previously by 
Morgan Ward,{ but Ward introduces only one division (let 
us say the right division) and as a result of that his system seems 
to lack symmetry and does not contain a direct equivalent of 
the associative law of multiplication. 


2. Proposed Postulates. The postulates are as follows. 


I. To every two elements a and b of G there corresponds a 
unique element c==a/b, called the right quotient of a divided by b. 
II. To every two elements a and b of G there corresponds a 
unique element d=b\a, called the left quotient of a divided by b. 
III. a/b =c means the same as c\a=b. 
IV. (Associative law) (a\b)/c=a\(b/c). 


The independence of this set (or rather of a set obtained from 
these postulates by slight modification to insure the possibility 
of considering each independently from the others) is proved 
very easily by exhibiting, as does Ward, realizations in which all 
but one of the postulates is satisfied. For instance, if we inter- 
pret G as the system of rational integers, a/b as the sum a+), 
c\a as the difference a—c, Postulates I, II, IV are satisfied but 
Postulate III is not. 


* Presented to the Society, April 10, 1936. 
+ This Bulletin, vol. 40 (1934), pp. 698-701. 
t Transactions of this Society, vol. 32 (1930), pp. 520-526. 
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Our purpose is now to prove, given two elements a and b of 
G, the existence and uniqueness of an element x of G which satis- 
fies the relations 


a\x = b and x/b =a, 


and which we shall call the product ab. This will be done with 
the aid of three lemmas. 


3. Three Lemmas. We shall prove first the following lemma. 


LEMMA 1. For any two elements a and b 


(1) a\a = b\b, a/a = b/b. 
PRrooF. Introduce (Postulates I and IT) 
(2) c= a/b, e=a\a. 


By Postulate III, 
(3) b = c\a, a=a/e. 
By Postulate IV, we have 


(c\a)/e = c\(a/e), 


and with the aid of (2) and (3) this gives b/e=b, which, by 
Postulate III, gives e=b\b. This proves the first part of the 
lemma. The second part is proved in an analogous way. 


LEMMA 2. For any element a in G 


a/a = a\a. 


ProoF. According to Lemma 1 it is sufficient to prove this for 
some one element of G. Starting with an arbitrary a we intro- 
duce by Postulate I 


(4) e=a/a. 


By the second part of Lemma 1, a/a =e/e, which with (4) gives 
e/e=e. By Postulate III, this means e=e\e, but according to 
the first part of Lemma 1, e\e=a\a. Therefore a/a=a\a and 
the lemma is proved. 

DEFINITION. The element a/a=a\a which is independent of 
a and whose existence is proved by the foregoing lemmas is 
called the unit element and is denoted by e, so that we have 


— 
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(5) a/a = a\a =, 
and according to Postulate III, 
(6) a = a/e = e\a. 


Coro.iary 1. If a/b=e or if b\a=e, then a=b. 


Proor. From Postulate III, b=e\a or b=a/e. In each case, 
from (6), 


LemMMA 3. (Second form of associative law) For any three 
elements a, b, and c, 


(7) (a/b)\c = b/(c\a). 
Proor. Introduce (Postulates I and II) the elements 
(8) p = a/b, q = c\a. 


By Postulate III these relations may be written 
(9) p\a = b, a/q=C. 


By Postulate IV, we have (p\a)/q=p\(a/q), which with (8) 
and (9) gives (7). 


4. Multiplication. To establish the existence of the product 
consider now the expression [(e/a)\b|/b. By Postulate IV, it 
is equal to (e/a)\(b/b). By (5), it may be written as (e/a) \e, or, 
applying Lemma 3, a/(e\e), which, by (5), becomes a/e, and 
according to (6) is equal to a. The result, which may be written 


[(e/a)\b]/b = a, 


establishes the existence of the product, as defined above, for any 
two elements a and b; this product is given explicitly by 


ab = (e/a)\b. 


We next prove the uniqueness of multiplication; in other words, 
we want to prove that if x/a=b and y/a=b, we must have 
x=y. According to (5), 


(x/a)\(y/a) = e. 
Using the associative law (Postulate IV), we may write this as 


[(x/a)\y]/a = e. 
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According to Corollary 1, (x/a)\y =a. Using Lemma 3 (second 
form of associative law), we have a/(y\x) =a, or by Postulate 
III, y\x=a\a. By definition of e and Corollary 1, this gives 


5. Conclusion. We use four postulates, whereas Huntington 
and Garver have shown that three are sufficient. This may seem 
to be a disadvantage for those who seek to reduce the number 
of postulates to a minimum. This is not the point of view we 
take; four postulates may be always combined into one by in- 
serting three “ands” in the proper places. It may be thought 
that this would be an artificial combination, but it would be 
very difficult to define “artificial.” As opposed to this view we 
hold that there may be an advantage in splitting up postulates 
into independent postulates; we think this amounts to a keener 
analysis of the situation. If multiplication is introduced into the 
postulates (although the existence of a product is not postu- 
lated) and the two divisions are defined in terms of it, this is 
equivalent to assuming our Postulate III without making it 
explicit. By discarding multiplication we make it possible to 
consider situations in which two divisions exist but are not 
connected by Postulate III, as in the above example proving the 
independence of Postulate III. 

The fact that there seems to be an advantage in considering 
division as the fundamental operation is not surprising if one 
thinks of Euclid’s (or Eudoxus’) theory of proportions, in which 
the ratio of two segments is fundamental, or of the geometrical 
calculus in which vectors are introduced as the differences of 
points, and addition is of secondary importance. 
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ON THE SUMMABILITY OF FOURIER SERIES 
BY W. C. RANDELS 


1. Introduction. It is well known that the Abel method of 
summability is stronger than the Cesaro methods of any order. 
An example has been given* to show that there are series which 
are Abel summable but not Cesaro summable for any order. 
This series is one for which a, #o0(n*) for any a, and hence which 
cannot be (C, a) summable for any a. This series cannot be a 
Fourier series since for all Fourier series a,=0(1). We propose 
to give an example of the existence of a Fourier series which is 
Abel summable but not Cesaro summable. 

We shall make use of some results of Paleyf which show 
that, if the Fourier series of f(x), 


(1) ses + > (a, cos nx + b, sin nx), 


n=1 


is (C, w) summable at the point x, then, for B>a, 


Rz(f, t) ef {f(a + 7) + f(x — 7) — 2f(x)} (t — 


, as t— 0, 


and conversely, if R.(f, t) =o0(t*), as t-0, then the series (1) is 
(C, B) summable for every B>a+1. We shall first show that 
for every n>1 there is a function f,(x) such that at x=0 


(2) | Rif )| Gjsn-—1), 
but 

(3) R.(fn, 4) = as t— 0. 


This implies that the Fourier series of f,(x) is (C, +2) sum- 
mable at x=0 and therefore Abel summable. The function 


*See Landau, Darstellung und Begriindung einiger neuer Ergebnisse der 
Funktionentheorie, 1929, p. 51. 

+ R. E. A. C. Paley, On the Ceséro summability of Fourier series and allied 
series, Proceedings of the Cambridge Philosophical Society, vol. 26 (1929), 
pp. 173-203. 


= 
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f(x) = Do dufa(x) 
n=2 
is then defined with the d,’s so chosen that the Fourier series of 
f(x) is Abel summable, but for every 


R,(f, t) ¥ o(t"), as i— 0. 


This implies, by the theorem of Paley, that the Fourier series 
of f(x) cannot be (C, a) summable for any a. 


2. Properties of f,(x). We suppose for the moment that 
is fixed and we let c=(1+1/(m—1/2) ). We define a,=2-”, 
b,=2-"—a,; then, if b,>2-°+”, so that the intervals 
(b,, 2-”) are non-overlapping for v2”. We define 


ay 
(y=n,n+1,---), 
(j = 0, ,n—1;v=n, 
0, elsewhere on (— 7, 7). 


Then f,(x) ¢L on (—7, for 


f | fa(x) dx = 2 >> 2a, = 


v=n 


At x=0, —2fn(x) =2f,(t). We have 


by+2(ay/2") by+ay /2” by+ay/2” 
f fr(t)dt = — f f,(t)dt = 0. 
b b b 


v 


By the definition of f,(x), 


ay, d, ay 
2” Qn 


so that by induction 


by+ 2? (ay / 2") 
f falt)dt = 0, (l<j<n); 


by 
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and therefore, if b,4+-27(a,/2") <t, (1Sjsn-—1), 


Ri(fa, t) = 2 f fa(t)dr. 


by-+2) (ay/2™) 


Hence, if b,+-2/2(a,/2") <t<b,+2/2(a,/2"), (OSjsn—2), 


ay, 
Ri(fn, t) Ri (1.1 21.2.2), 


Since 
t 
2) = + »f Ri(fn, 7) dr, 
0 
we see that in the same way, if t>),, 


1 t 
kel Re+ilfn,t) = Ri(fn, t)dr, 


and, for 


b,+27-2*+1(a,/2") (7 +kSn—2), 
a, 


Therefore, for 


a; ay/2” a, 
2" 


Finally, if b,<t<2~, 


Ra(fa,t) = am f falt)(t — = f (t— 
0 b 


= O(2"a,") = = 9(2-™”) = o(t) ast 0. 
Therefore the function f,(x) has the properties (2) and (3). 


3. A Function whose Fourier Series is not Summable (C, a). 
As we have already mentioned, the Fourier series of f,(x) will 
be Abel summable at x=0. Therefore, 


= 
x 0(27*) 
as 
yo 
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A,= l.u.b. A(fa, 


Osr<i 
f 
fale 1—2 cos t+r? 


will exist. We may define two sequences {d,} and {t,} simul- 
taneously by induction so that 


1 1 1 
m (— | f.(é) | =) 


1 
(5) d, — min | —————— }, 
2° fn, tys1) 


nN 
>—) 
d 


n 


(6) | tr tn) 


1 
(7) | tr tr) | <—> (vsn-—1). 
nN 


It is clear that d, can be chosen so as to satisfy (4) and (5). It 
is possible to choose ¢, satisfying (6) and (7), since 

lim | | = 

and 


IV 
= 


t+R,(fn, = 0(1) as for 


The function 
f(x) = defa(x) 


is integrable, for 


fire jdx f Ale) |dx s 2>. 


n=2 n=2 


lA 


The Fourier series of f(x) is Abel summable, since 
A(f, = 1); 
n=2 


and d,A(f», r) 1/2", and A(f,, r) 0 as r—1, which implies 
that A(f, r)—0 as r—1. 


| 
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We shall show that, for every n, R,(f, t)¥o(t"), as t-0. Let 
us suppose that, for some n, R,(f, #) = o(t"), as £0; then, 
since 


t 
= (n+ R,(f, r)dr, 
0 


there would be a constant K such that for all ¢ and m2n we 
would have 
(8) | Rn(f, t)| < Kem. 
We shail show that for every 1 
| OR, | > n+ o(1), as oO, 


which contradicts (8). We have 


te) = Rail f,, bs) 
= dtr te) + data tn) 


By (7), 


<—)|d,| =o0(1), as 
N 


n—1 


v=? 


and, by (5), 


dtr te) | < }}2"=0(1), as 


so that, by (6), 

bn) |= | Raa(fay ba) | + 0(1) 
>n+o(1), as 


Therefore by the theorem of Paley the Fourier series of f(x) 
cannot be (C, a) summable for any a. 
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CURVES BELONGING TO PENCILS OF 
LINEAR LINE COMPLEXES IN S,; 


BY C. R. WYLIE, JR. 


1. Introduction. It has been demonstrated in at least two 
ways* that every curve in S;, whose tangents belong to a non- 
special linear line complex can be mapped into a curve in S; all 
of whose tangents meet a fixed conic. In this paper, similar theo- 
rems are obtained for curves in S; whose tangents belong to 
(1) a single linear complex, (2) a pencil of linear complexes. 

In what follows we shall use the symbol [ to represent a non- 
special complex, that is, a complex which does not consist of the 
totality of lines which meet a plane. We shall use the symbol II 
to represent a pencil of complexes which does not contain any 
special complexes. The customary symbol V,, will be used to 
represent a variety of order r and of dimension m. 


2. Hyperpencil of Lines. We note first that no curve lying in 
S; but in no linear subspace of S; can belong to a special com- 
plex. For all the tangents of such a curve would have to meet the 
singular plane of the complex, which would require the osculat- 
ing S;’s of the curve to contain the plane. This is impossible un- 
less the curve lies entirely in an S; containing the singular plane. 
We are thus concerned with non-special complexes in (1) and 
with pencils which contain no special complexes in (2). 

Through an arbitrary point of S, pass ~? lines belonging toa 
non-special complex I’. These lines lie in an S;, the polar S; of 
the point as to I, and form what we shall call a hyperpencil of 
lines. For every complex I, there is a unique point with the prop- 
erty that every line which passes through that point belongs 
to I’. We shall call this point the vertex of T’. Of the five types 
of pencils of complexes in S; all but one contain special com- 
plexes. The one admissible type, II, consists of «! complexes 
whose vertices lie on a non-composite conic, K. Through an ar- 


* V. Snyder, Twisted curves whose tangents belong to a linear complex, Ameri- 
can Journal of Mathematics, vol. 29 (1907), pp. 279-288. 

C. R. Wylie, Jr., Space curves belonging to a non-special linear line complex, 
American Journal of Mathematics, vol. 57 (1935), pp. 937-942. 
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bitrary point of S; pass ~! lines of II, forming a plane pencil. 
Through a point of K pass ~? lines of II. These lines lie in an S;, 
and thus form a hyperpencil. Only one line of an arbitrary plane 
field belongs to II, while all lines in the plane, a, of K belong to II. 


3. The Associated V in Sy. If the ten Grassman coordinates 
of the lines of S; be regarded as point coordinates in Sy, the 
five quadratic identities which exist among the line coordinates 
define a variety which is known to be of order five and of di- 
mension six. The lines of S; are represented* in S, by the points 
of this V,>. A ruled surface in S,; is represented in Sy by a curve 
on V,°. If the ruled surface is developable, not only the image 
curve but its tangent developable lies on V,°. The tangents to 
the image curve in this case are the images of the pencils of lines 
lying in the osculating planes of the cuspidal edge of the de- 
velopable in S;, and having their vertices at the points of oscula- 
tion. A linear complex is represented in Sy by the V;> common to 
Vé and the Ss which the equation of the complex defines. If a 
curve in S,; belongs to a linear complex its image curve, that is, 
the image curve of its tangent developable, lies with its tangents 
on the V;° which represents the complex. 

Through the vertex of a complex, I, pass ~* planes each of 
which contains ~? lines of T. On V;° these are represented by 
planes. Suppose there is on V;° a curve C’ and its tangent de- 
velopable, the image of a curve C in S; which belongs to I. 
Working now in the Ss given by the equation of the complex, 
I, let us project this configuration from one of the planes, w’, 
of V;> upon an S;. The singular elements in the projection are 
the «x? planes which meet w’ in a line. These are the images of 
the hyperpencils of lines belonging to I which issue from the 
points of w, the plane field of lines in S; whose image in So is w’. 
Each tangent to C’ meets one of these singular planes, because 
in S; each osculating plane of C meets w in a point, and hence 
there is in each osculating plane one line which passes through 
the point of osculation and belongs to a hyperpencil whose ver- 
tex is in w. The configuration of C’ and its tangents will thus 
project into a curve C”’ in S; all of whose tangents meet the sur- 
face which is the projection of the singular planes. 

To determine the order of this surface consider the polar 


* Compare W. L. Edge, Ruled Surfaces, 1931, §2. 
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S;'s as to T of the points of w. There are only «! of these S;’s, 
for all points of w collinear with the vertex of the complex have 
the same polar. These S;’s set up a 1:1 correspondence between 
the points of an arbitrary line L, and the lines in w which pass 
through the vertex of I. Moreover, the line joining any point 
P of w to the point of L corresponding to the line through P and 
the vertex of I determines with the pencil of lines of w which 
pass through P a hyperpencil whose image is a singular plane 
of the projection. When sectioned by a general linear complex, 
the double infinity of lines which join the points of w to their 
corresponding points on L yields the single infinity of lines 
joining corresponding points of L and a conic in w. Such a family 
of lines is evidently of order three, hence the lines which deter- 
mine with the pencils of lines of w the hyperpencils whose 
images are singular planes of the projection are represented on 
V;° by a cubic surface. This projects into a cubic surface in S;; 
hence we have the following theorem. 


THEOREM 1. Every curve in S; whose tangents belong to a non- 
special linear line complex can be mapped into a curve in Sz all 
of whose tangents meet a cubic surface. 


We have already noted that the five quadric hypersurfaces 
which are defined by the five quadratic identities existing among 
the coordinates of the lines of S; intersect in a V.° and not in a 
V, as would be the case in general. Since the V;> which is the 
image of I is obtained from V,° by sectioning the latter with an 
Ss, it follows that V;° is determined by five V?’s. From this 
fact it is evident that the projection can be reversed, and that 
any curve in S; whose tangents meet the cubic surface which 
is the projection of the singular planes can be mapped into a 
curve in S; which belongs to a linear complex. 


4. Map of a Curve in S;. If a curve C of S; belongs to an ad- 
missible pencil of complexes, II, its image curve, C’, lies with its 
tangents on the V which is the image of II, and which is de- 
fined by V,° and the S; given by the equations of II. Let us 
project such a configuration upon an S; from the plane o’ which 
is the image of the lines of the plane o of K, the locus of vertices 
of the complexes of II. The singular elements in the projection 
are the planes of Vé which meet a’ in a line, namely, the planes 


— 
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which are the images of the 1 hyperpencils of lines belonging to 
II which issue from the points of K. 

Now the lines which lie in the osculating planes of C and pass 
through the points of osculation all belong to II; likewise all 
lines of ¢ belong to II. Hence at every point where an osculating 
plane of C meets o there are three non-coplanar lines of II, and 
hence ? lines of II. But the only points of ¢ through which 
pass ? lines of II are the points of K. Since every osculating 
plane of C meets ¢, we have the following theorem. 


THEOREM 2. The osculating planes of every curve of Ss belonging 
to a pencil of linear line complexes which contains no special com- 
plexes, meet a fixed conic. 


The converse of this theorem is not true, as the following 
example shows. The osculating planes of the curve 


X32 X42 = 45244: 1825: 1025: — 202721 


meet the conic x? =x1x3, x1=0, x5=0, but the curve belongs 
to but one complex. 

From this theorem it follows that every tangent to C’ meets 
in a point one of the planes which are singular in the projection. 
The projection of these planes is a curve whose order can be 
found by considering the 1:1 correspondence set up between 
the points P of the conic K and the points P’ of an arbitrary 
line L, by the polar S;’s as to II of the points P. Each hyper- 
pencil whose image is a singular plane of the projection is de- 
termined by the lines of ¢ which pass through one of the points 
of K, together with the line joining this point of K to its corre- 
sponding point on L. The lines joining corresponding points of 
K and L form a cubic regulus whose image on V4 is a cubic 
curve. This projects into a cubic curve in S,; hence we have the 
following theorem. 


THEOREM 3. Every curve in S; whose tangents belong to a pencil 
of linear line complexes containing no special complexes can be 
mapped into a curve in S, all of whose tangents meet a fixed cubic 
curve. 


Evidently this process can be reversed, and a curve in S, 
whose tangents meet a fixed cubic can be mapped into a curve 
in S; belonging to a pencil of linear complexes. 
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5. Equations of a Curve in T or II. If the equation of T be 
taken as P;;+P2,=0, the equation of a curve belonging to T 
can be written down at once from the results* for three di- 
mensions: 


A: m=t, x2 =tf—2f, xw=f', 


where f and g are arbitrary functions of ¢, and the primes indi- 
cate differentiation with respect to ¢. If IT be chosen as 
Pi3+P2s=0, Pie+Ps;=0, the equations of C are found to be 


B: 
a= 1, = — CF” + — OF, 


where F = /f(é)dt, f(t) has the same significance it had in equa- 
tions A, and the primes indicate differentiation with respect to ?. 


6. Bundles of Complexes in S;. Of the fifteen types of bundles 
of complexes in S;f all but one contain special complexes. A 
bundle of the admissible type consists of ©? complexes, the 
locus of whose vertices is a quartic surface in S;. The lines be- 
longing to such a bundle are all trisecants of the locus of ver- 
tices. Of the triple infinity of these trisecants, a double infinity 
are tangents, and a single infinity are inflexional tangents. 
Through an arbitrary point of S; passes a unique line of the 
bundle. Through each point of the locus of vertices pass ©! lines 
of the bundle, forming a plane pencil. Thus those curves, if 
any, whose tangents belong to the bundle must lie on the locus 
of vertices. Segret has shown that there is a unique curve, the 
rational normal quartic in fact, belonging to a bundle of this 
type. This quartic curve is just the locus of points of contact 
of the «' inflexional tangents of the locus of vertices. 

Systems of complexes of more than two degrees of freedom 
cannot contain curves of S;. 


Oxuto STATE UNIVERSITY 


* C.R. Wylie, Jr., loc. cit.; B. Segre, Sulle curve le cui tangenti appartengono 
al massimo numero di complessi lineari independenti, Memorie dell’ Accademia 
dei Lincei, (6), vol. 2 (1928), pp. 578-592. 

+ R. Weitzenbock, Zum System von drei Strahlenkomplexen im vier dimen- 
sionalen Raum, Monatshefte fiir Mathematik und Physik, vol. 21 (1910), pp. 
103-124. 

t B. Segre, loc. cit. 
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PRODUCTS OF NORLUND TRANSFOR MATIONS* 
BY L. L. SILVERMAN 


1. Introduction. For certain purposes the symmetric product 
of two Nérlund transformations, to be presently defined, has 
been found to be more convenient than the ordinary product. 
The aim of this paper is to compare the fields of convergence of 
these two products. Let M be the ordinary arithmetic mean and 
P any Norlund transformation. The principal results obtained 
in this paper are first, that the field of convergence of the ordi- 
nary product includes that of the symmetric product; secondly, 
that the converse is in general not true; and thirdly, that a 
necessary and sufficient condition for the equivalence of these 
products can be stated. 


2. Permutability with M. A Nérlund transformation [1]f is a 
special case of that corresponding to a triangular matrix 


Pn—k 


1 ank = 
(1) k P, 


(n> k20;P,= pot pit--- + dr), 


where , is a sequence of positive numbers. If 


Pn 


n 


— 0 


(2) 
then the matrix a,,; is regular. We may assume without loss of 
generality that )=1. For if =0, we may take 


which is the result of applying the transformation corresponding 
to the sequence 4+; to the sequence x,. If now we may 
obviously choose po = 1. 

It has been shown [1], [3], that all Nérlund transformations 
are consistent. M. Riesz [2] has given necessary and sufficient 


Vn+1 = 


* Presented to the Society, September 3, 1936. 
t Such bold-faced numerals refer to the bibliography at the end of this 


paper. 
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conditions for the equivalence of two Nérlund transformations. 
It has also been proved [3] that Abel’s definition includes all 
the definitions of Nérlund type. 

An important special case of the Nérlund matrix is C,, the 
Cesaro matrix of order r. This is given by any one of the for- 
mulas 


k+r—l,n 


(3) Pn = = = 
_ 


It is well known [4] that the matrix C, is permutable with M. 
We now state that the Cesaro means are the only Nérlund 
transformations which are permutable with M. 


THEOREM 1. A necessary and sufficient condition that a Nérlund 
matrix be permutable with M 1s that it be a Cesdéro matrix. 


To prove this we make use of a theorem of Hurwitz and 
Silverman [4] to the effect that the triangular matrix is permut- 
able with M when and only when the elements a, are given in 
terms of those in the principal diagonal by the formula 


n 


h=k 
We have then in particular, for k=n—1, 


or 


which reduces to 
Pn Pn-1- 


Taking po=1, pi=r, we find p2=C,41,2, and, by mathematical 
induction, p,=Cnysr-1,». This proves the necessity of the con- 
dition. That the condition is sufficient is well known [4]. 


| 
| 
= 
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3. The Symmetric Product. We now introduce the notation 


(ab), = (ba)n = Gobn + + + dado, 
(5) (abc)n = ((ab)c)n = (a(bc))n, 
(a1), =A, =Q+ait---+ ay. 


ll 


In this notation, the Nérlund transformation may be written 
in the form 


(px)n 


(P1)n P, 


We shall now define [1] by the side of the ordinary product of 
two Nérlund transformations, PQ, the symmetric product of the 
two transformations, symbolically designated by P o Q; namely, 
the transformation 


_ 

(pq1)n 
It is clear that Po Q=Qo0 P,and that if P and Q are regular so 
is their symmetric product. A generalization* of Cesaro’s well 


known theorem on the product of two series may then be stated 
as follows: 


Yn 


THEOREM 2. If the series ),u, is summable to u by the Nérlund 
definitions P, and >~v, is summable to v by the definition Q, then 
the Cauchy product >>(uv), is summable to uv by the definition 
PoQoM. 


4. Relationship between the Two Products. We now wish to in- 
quire into the relationship between the ordinary product and 
the symmetric product of two Nérlund transformations. That 
they are not always equivalent will be seen from the following 
theorems. 


THEOREM 3. The ordinary product MP sums to the proper value 
every sequence summed by the symmetric product M o P. 


* Theorem 2 was given in a note by the author at the International Con- 
gress at Bologna in 1928, but was never published by him. A proof has been 
given by Florence Mears in a recent number of this Bulletin [5]. 


/ 
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THEOREM 4. There exists a sequence x, and a Nérlund definition 
P such that the sequence x, is summable by the ordinary product 
MP but not by the symmetric product Mo P. 


- 


THEOREM 5. A necessary and sufficient condition that the two 
products MP and M o P be equivalent is 


(6) (n+ 1)P, < K(P1),, 
where K is a constant independent of n. 


5. Proof of Theorem 3. Let A= MP and B=M o P. Then we 
wish to show that the transformation AB is regular. The 
matrix @,,; corresponding to the transformation A is given by 
the formula 


1 
(7) Gnk = 
Pr 
The matrix corresponding to B is given by the equation 
(8) bak , 
P,, 


so that the transformation B may be written in the form 
Sn = (P1)n¥n = (PX)n- 
Now we know that 
> = (Px)at® = D> Pat®- 


Let us define f, and P, by the formal relations 


(9) > = 1, = 1, 


so that 
(10) (pb)o = popo = 1, (pp), = 0, (n > 0); 
and since 
pal” = (1-1) Pal, 
we have 
(11) Po = po, Pr = Pm — Pm-1; (m > 0). 


We now find 
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so that, if we define 5_1=0, we may write 
k=0 k=0 


Thus the matrix 5, corresponding to the transformation B~ is 
given by the equation 


(13) = — 


and the matrix c,, corresponding to C=AB~" is given by the 
equation 


h=k 
which, on substitution from (7) and (13), gives 
(P1),, 
(14) Can = OnnDnn 
(n + 1)P, 
and, foru>k, 


(Py 


Cak = 
n+ 1 pak inh 
(P1), 1 
= is ( = 


Now we know that 


n(Pr—k — = be — k-1 


h=k h=k+1 
= (pp)i-- — (pp)i-n-1 = 1, or — 1, or 0, 
according asi=k, ori=k+1, ori2k+2. Thus 
(P1),/ 1 1 
Since the elements c,, are positive, by (14) and (15), it follows 
at once that the conditions of the Toeplitz theorem are satisfied, 


and the matrix C=AB~' is regular. This completes the proof of 
Theorem 3. 


(15) = (1 > k). 


| 

| 

| 
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6. Proof of Theorem 5. From the transformation y= C(x) 
=A B-'(x), we have 


a=) (P1), 
and 
(P1).-1%0—1 
on P, 
whence 
fF. n—l 
(Pi), k=0 (P1), 


Thus the matrix ¢,, corresponding to the transformation 
C=BA~—"' is given by 
(n + 1)P,, (k + 1) 


(P1), (P1), 


It is easily seen that the condition ee = 1 is satisfied. Fur- 
thermore, 


(P1),> 
for the series ph cannot converge, since the general term 


P,,>po=1. Thus we have for fixed k, 


lim é.: = 0. 


2 
Furthermore, we have 
n n—1 
! - 
>. | = ine — = 1. 
k=0 k=0 


Thus the third Toeplitz condition will be satisfied when and 
only when condition (6) is satisfied. This proves Theorem 5. 


7. Proof of Theorem 4. To prove Theorem 4, we shall give 
an example of a Nérlund transformation for which condition 
(6) is not satisfied. We define 


(n)'"(n — (2)2(1)1/2 


(16) P, = 1, 
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(n>0), so that 
(n)1/2 
+1) =1 


We now see, in turn, that 


(n > 0). 


— 1, 


P, 


Thus the transformation (16) is of the Nérlund type and is regu- 
lar. We find, however, that 


(P1), = (2)"?P,, (P1)2 = 
and, by induction, 
(P1), = (n+ 


Thus condition (6) is not satisfied and the proof of Theorem 4 
is completed. 

The more general question as to the relationship between the 
transformations QP and Qo P, where Q and P are any two Né6r- 
lund transformations, as well as the consideration of the corre- 
sponding problem for the transformation of functions instead of 
sequences, will be treated by the author in a subsequent paper. 
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A CONDITION IN INVARIANT FORM FOR A NET 
WITHOUT DETOURS* 


BY ROBIN ROBINSON 
Suppose that on a surface whose linear element is given by 
ds? = Edu? + 2Fdudv + Gdv?, D? = EG — F? #0, 


we have a system of curves, one and only one curve of each 
family passing through each point of that region of the surface 
under consideration, and distances along these curves being 
measured positively in a direction preassigned for each family. 
If this system of curves possesses the property that the distance 
between any two points of the region, measured along curves of 
the system according to the preassigned laws of orientation, 
is independent of the path chosen, then the system is called a 
net without detours (Kurvennetz ohne Umwege). 

A net without detours being given, the distance along curves 
of the net from a fixed point O to a variable point P:(u, v) must 
be a function of position only. If the function f(u, v) is given, 
and we wish to find the net without detours corresponding to 
it, we must have for the curves of the net df? =ds?, or, 


(fudu + f,dv)? = Edu? + 2Fdudv + Gav’, 
or, 
(1) (E — f2)du?+ 2(F — fuf.)dudv + G — f?)dv? = 0. 
This differential equation defines the net without detours cor- 
responding to f(u, v). 

If a family of curves $(u, v) =const. is to be one family of a 
net without detours for a given distance function f(u, v), then 
(¢,du+¢,dv) must be a factor of the left side of (1), so that 
their Sylvester eliminant must vanish: 

E—fi — fufe) G— fi 
Pu dy 0 0, 
0 bu dv 


* Presented to the Society, September 3, 1936. 
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(Gifu Puf = 2F oud» + G¢2 
¢) = D*Ai¢, 
(2) ¢) = + D(Ai¢)"?, 


where J(f, @) is the Jacobian, and Aj@ is the first order Beltrami 
differential parameter. 


THEOREM. Equation (2) ts a necessary and sufficient condition 
that the family of curves 6 =const. be one family of the net without 
detours associated with the distance function f(u, v). 


If the other family of the net isy=const., then 
(3) = + 


With the understanding that the square roots may take either 
sign independently, (2) and (3) may be written 


— = D(Aig)"””, 
Vofu — Yufo = D(A)”. 
Solving for f, and f,, we obtain 
— 
D[oo(Aw)"!? — 
J, ¥) 


The integrability condition then gives as a necessary and suffi- 
cient condition that the two families form a net without detours 


a 
Ov J(9, 


u 


au ¥) 


Performing part of the indicated differentiations, and reintro- 
ducing the +signs, we obtain as the final form of the condition 


4 +Jiy, 
Ten 
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THEOREM. Equatien (4) is a necessary and sufficient condition 
that the two families @=const. and ~=const. form a net without 
detours. 


The choice of signs corresponds to the choice of orientation of 
the two families. If both signs hold, that is, if both sides of (4) 
vanish identically, then any orientation is possible. 

If one of the families, say ¢@=const., is given in the form 
M du+N dv=0, then substitution of M and WN for ¢, and ¢, 
in (4) gives a condition applicable to that case, for at no point 
was use made of the integrability condition for ¢, and @». 

Equivalent conditions for a net without detours have been 
given for the plane by Scheffers* and for surfaces by Rothe,f 
but neither of these writers gives the conditions in the invariant 
forms (2) and (4). 


DARTMOUTH COLLEGE 


INDICES IN CUBIC FIELDSt{ 
BY MARSHALL HALL 


1. Introduction. Let d be the discriminant of an algebraic 
field K generated by a root 6 of an irreducible equation 


(1) f(x) = + =0, 


whose coefficients are rational integers. If ds is the discriminant 
of 6, then ds =k? d, where kp is a rational integer called the index 
of 6. The ring of polynomials in 6 with rational integral coef- 
ficients, P(@), is a subring of index ke of R(@), the ring of alge- 
braic integers of K(@). In particular, if ke =1, P(@) is identical 
with R(@). Dedekind§ first showed that it is not always possible 
to find an integer a in a given field such that kz = 1, by exhibiting 
certain fields of third and fourth degree in which there is a di- 
visor common to the index of every integer of the field. Exten- 
sive researches have been made as to what these common index 
divisors may be for fields of a given degree. For p to be a com- 
mon index divisor of some field of degree n, the condition p<n 


* Leipziger Berichte, vol. 57 (1905), p. 353. 
+ Berliner Mathematische Sitzungsberichte, vol. 7 (1908), pp. 14-15. 
t Presented to the Society, April 19, 1935. 

§ R. Dedekind, Géttinger Gelehrte Anzeigen, 1871, pp. 1481-1494, 


= 
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was shown to be sufficient by Bauer* in 1907 and necessary by 
von Zylinsky{ in 1913. H. T. Engstrom{ has investigated what 
powers of these primes may occur as common index divisors. 

It is an interesting question to ask whether all multiples of 
this common index divisor occur as indices of properly chosen 
integers in the field, and more particularly to inquire if, in 
fields with common index divisor unity, there is an integer whose 
index is one. By restricting our attention to cubic fields, it is 
possible to find considerable information on these questions. 
This paper shows that (a) the indices of integers in a cubic field 
are precisely the rational integers represented by a homo- 
geneous binary§ cubic called the indicial form, (b) an explicit 
form can be given for pure cubic fields K(D*/*), and (c) there 
exists a cubic field whose minimum index is greater than any 
previously assigned number. This last result stands in strong 
contrast to the known result that the greatest common index 
divisor of a cubic field is either 1 or 2. 


2. Derivation of the Indicial Form. Consider a cubic field 
K(@) generated by a root of 


(2) x? + + + a3 = 0, 


the a’s being rational integers. Integers of K(@), w1, we, and ws; 
are said to form an integral basis for K(@) if every integer a 
of the field may be written as a=7rw,+sw.+/w;3 with rational 
integers 7, s, and ¢. 


LEMMA. K(@) has an integral basis of the form o,=1, 
= = +53) /(Rk? ke), and ko. 


It is well known that every integer of K(@) may be written 
in the form (A0?+B0+(C)/ks, where the A, B, and C are ra- 
tional integers. As these integers form a modulus, the A’s must 


* N. Bauer, Uber den ausserwesentlicher Discriminantenteiler algebraischer 
Kérper, Mathematische Annalen, vol. 64 (1907), p. 573. 

7 E. von Zylinsky, Zur Theorie der ausserwesentlicher Discriminantenteiler 
algebraischer Kérper, Mathematische Annalen, vol. 73 (1913), pp. 273-274. 

} H. T. Engstrom, On the common index divisors of an algebraic field, Trans- 
actions of this Society, vol. 32 (1930), pp. 223-237. 

§ The form given by K. Hensel in Arithmetische Untersuchungen iiber die 
gemeinsamer ausserwesentlicher Discriminantenteiler einer Gattung, Journal fiir 
Mathematik, vol. 113 (1894), pp. 128-160, would in this case be ternary. 
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also form a modulus, and consequently must all be multiples 
of A,, the least positive A. Let w;= (A,0?+B,0+C,) /ke be one of 
the integers for which A has its least positive value. If a is any 
integer of K(@), then a=(tA,0?+B0+C)/ke and a—tw; is an 
integer of the form (B@+C)/k». These again form a modulus 
and all such B’s are multiples of the least positive one, Bo, say 
in we=(Bo9+Cy)/ke, and so a—tw3—Sswe is rational and an 
integer and hence is some rational integer r=r-1=rw,. Then 
Q=7e,+sw2+1lw3, and w, w2, #3; form an integral basis of K(6), 
‘where = + Co) /ke, = /ko. The 
integers (BO+C)/kp include whence kp is a 
multiple of Bo, ke = Bok. Hence @2 = + Co) / Bo) and 
kyw2—8=C>/Bo, which must be an integer };. This yields we 
= (Bo§+ Bob:) Bo) = (8 +5;) /ki. The integers BO+C) /k 
include ws =(6?+2b,0+5;2)/k2, which must be of the type 
,6°+ B0+(C)/ke, whence, by comparing coefficients of 6?, 
we find ky=k2k2A;. Therefore w3=(A16?+B,0+(C,) /(k2k2A1), 
and since ksw3;—w:? is an integer of the form (BO+C)/kp, it 
must be expressible as rw: +sw2. Taking kow3=ws’ +rw,+sw2, we 
shall have 


wor +roit sw. 67+ 
ke k? ke 


Moreover 


1, 0’, 


ke = ke k-. 


| 
| M1, M2 , W3 | 


We call k; the removable index factor of 0, since the index of 
(0+5;)/ky is ko. 


THEOREM 1. The indices of the integers of K(@) are precisely the 
rational integers represented by a homogeneous binary cubic, called 
the indicial form. 


Let a be any integer of K(@). Then a=ra,+sw.+/w;, where 
r, s, and ¢ are rational integers. Since the index of a=a—r 
= sw2+ tw; is the same as the index of a, we need consider only 
integers of this form in determining all possible indices of in- 
tegers in K(@). 
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If 
= dws + C03, 
= for + + hws, 
wf = iwi + jor + kos, 
then 
& = + 2stwows + Pw? = (cs? + 2fst + if?)or 
+ (ds? + 2gst + jt?)w2 + (es? + 2hst + kl*)ws. 
Now 
| 1, a’, 
ka a kz = 
| we, w3! | 


ies ds? + 2gst + jt?, es? + 2hst + kt? ; 
Hence we have 
(3) ka = es? + (2h — d)s*t + (k — 2g)st? — jt. 


This is called the indicial form of the field K(@). Since to every 
a of K(@) correspond two rational integers s and ¢ in the repre- 
sentation a=7w,+sw.+/w3;, and since to any two rational in- 
tegers s and ¢ there corresponds the set of integers 7w:-+sw2+/ws, 
(r=0, +1, +2,---), it is seen that the indices of the in- 
tegers of K(@) are precisely the rational integers represented by 
the homogeneous binary cubic (3). The removable index factor, 
ky, is the greatest common divisor of s and ¢t. If we divide the 
integers of K(@) into index classes so that two integers are in the 
same index class if and only if their difference is a rational 
integer, then all integers in the same index class have the same 
index, and in consequence of the Thue-Siegel Theorem, only a 
finite number of index classes have the same index. 


3. The Pure Cubics. Dedekind* has shown that the cubic field 
K(D"’*) = K[(ab?)"/3|, where D =ab*c3, with a, relatively prime 
and square-free, has a basis 1, (ab?)!/*, if a2 4b? (mod 9). 
If a2=b? (mod 9), we choose the signs of a and b so that a=b=1 
(mod 3) and a basis is given by 1, (ab?) (1+ (ab?) /3 + (ab) /3. 


* R. Dedekind, Werke, vol. 2, p. 158. 
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Applying the methods of §2, we find that the indicial form is 
as* — =k, in the first case, and 3as*+3as%t+ast?+ [(a—b)/9]# 
=k, in the second case. It is more convenient to write the 
second a(3s+#)*—bt?=9k,. Hence the indices of K[(ab?)'/*] are 
represented by ax*—by*® or (ax*—by*)/9 according as a?4b? 
(mod 9) or a?=b? (mod 9). 


THEOREM 2. Given a large positive integer N, it is possible to 
find a cubic field K|(ab?)'/*] in which every integer has an index 
greater than N. 


Since the indicial form is either ax*—by* or (ax*—by*)/9, it 
is sufficient to find values of a and 3, relatively prime and square- 
free, such that the form J=ax*—by* does not represent any 
integer ~0 numerically less than or equal to 9N. 

If a=2, b=0 (mod 7), then J=2x?=0, +2 (mod 7) and so 
I#+1. To exclude J= +2 we may take a=1, b=0 (mod 13), 
which yields J=x*=0, +1, +5 (mod 13), whence J¥ +2. These 
conditions also imply J~ +3, +4, leaving J= +5 as the least 
possible value. Take a=1, b=0 (mod 19), whence J=0, +1, 
+7, +8 (mod 19) and so 7# +5. 

We may continue to exclude values for J indefinitely. To ex- 
clude J= +n, we take a prime P=3k+1 not previously used 
and not dividing x. Then set a=r, b=0 (mod )), where r has 
a different cubic character from that of m(mod p). Since J=rx? 
(mod ~) and we cannot find an x such that n=rx*(mod )), 
we cannot have J = +n. These congruences have solutions a and 
b which are relatively prime and square-free. We may take 
b=pipe--- p; the product of the primes used as moduli, and 
take a as a prime satisfying the conditions imposed. This will 
always be possible since the restriction on @ is merely that it 
lie in an arithmetic progression bu+r, where (0, r) =1. 

In practice it is found that such congruences may be com- 
bined with greater economy. For a=31, b=7-13=91, we have 
a?#b? (mod 9), whence J =k, = 31x*—91y*. Here —91y?=0, 
+3(mod 7)=0, +1, +5 (mod 13)=0, +1, +2, +4, +8, +16 
(mod 31), whence J does not represent any number numerically 
less than 31. But for x=1, y=0, we have ka=31, a being 
87451'/*. Hence the minimum index in K(87451"/*) is 31. 
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ON CERTAIN ARITHMETIC FUNCTIONS OF 
SEVERAL ARGUMENTS* 


BY LEONARD CARLITZ 
1. Introduction. Series of the type 
(1) m, 
l,m,n 
summed over all positive /, m, n satisfying the conditions 


(2) (m, n) = (n,1) = (I,m) = 1, 


occur in a problem in additive arithmetic. The series (1) is 
transformed into a series YL vil, m, n), now summed over all 
positive /, m, n, where 


m, n) f, g)B(el, fm, gn). 


The function y(e, f, g) may be defined by 
1 for (m,n) = (n, 1) = (i,m) = 1, 


0 otherwise, 


the summation on the left extending over all e|1, f| m, g|n. 

In this note we define a class of functions yp satisfying rela- 
tions of the type (3); the functions generalize, in several direc- 
tions, the ordinary Mébius u-functions. We next define and 
evaluate a class of generalized ¢-functions; they may be ex- 
pressed in terms of uy. 


2. The u-Functions. For arbitrary positive k, s we define the 


function pu*(m,, ---, mx) by means of 

1 for M:, 
+ *(é1,° °°, = 


the k-fold summation on the left extending over all e;| mi, 
(t=1,---, k), while M* is an abbreviation for the C;,, simul- 
taneous conditions 


* Presented to the Society, February 29, 1936. 
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= 1, (t1,---,t = 1,---, te ty). 


Evidently by means of (4) u* may be calculated recursively. The 
function is symmetric in the k arguments m, - -- , mx. 
In the case s=1, M* evidently reduces to m;=1, and thus 


(5) u'(mi,- , mx) = -- - (mz), 


where yu(e) on the right is the ordinary yu-function; for s>1, 
however, no such reduction is in general possible. 
From (4) it follows at once that 


(6) 
In the next place it is not difficult to show that p*(m,, - - - , mx) 
is multiplicative in the k arguments m,, - - - , m,. An arithmetic 
function f(m,, --- , m,) is multiplicative provided 
(7) f(m, = Il p*), 

Pp 


where ? is a typical prime, and 
m; = p*, e; = e(p). 


Thus the calculation of pu*(m,,---, m;) is reduced to the 
calculation of 


(8) u*(p%, p**), 


where some of the e; may be equal to 0. Assume now that some 
e;>1, say e;>1. Then comparing (4) for 


leads at once to 
(9) p*) = 0, 
if any e;>1. We may therefore suppose in (8) that 
or 0, = 1,---, &). 


If e;=1 for ¢ values of 7, and e;=0 for the remaining k—t values, 
we may use in place of (8) the simplified notation 


(10) 


110 
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Again, inspection of the defining equation (4) for the values 
=m= hp, =m =1, 
shows that the function (10) is independent of k. We may 
therefore shorten (10) to y*(p‘) or even y*(t) when there is no 

danger of confusion. 
To calculate u*(p‘) we again use (4). Assume first t<s. Thus 


the conditions M* are surely satisfied. Making use of (6), we 
show by applying (4) for t=1, 2,--- , ¢, that 


(11) = 0 for 


For t2s, the conditions M* are not satisfied. For example, 
for t=s, (4) becomes 


+ u*(p*) = 0, 
so that y*(p*) = —1. Generally for t2>s, (4) implies 
(12) 1+ Crsu*(p*) + + + = 0. 
For the moment, put yu*(p‘) =y,; then (12) implies 
—1 for #=0,---,s—1 
(13 = j 
413) to for t 


S. 


IV 


To solve (13) for y;, we note that 


w t 
(= 


t=0 i=0 
i=0 t=i 


Therefore we have 


Yo = (— Coe = (— 1)” C11; 


t=0 


as may be proved by an easy induction on s. Recalling the 
definition of y,., we see that 


(14) for #20. 


It is now easy to evaluate u*(m, -- - , m;) generally. We use 
(11), (14), and the multiplicative property. Then in the first 


— 
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place, by (9), u* vanishes if any s is divisible by the square of 
a prime. Assume therefore that each m; is the product of distinct 
primes p;. Put 


Then if any t;<s, it follows from (11) that u*=0. If, however, 
in (15) each t;25s, then u*+0, and is determined by the follow- 
ing formula: 


w 


(16) ms) = (— 1) 

i=l 
which holds generally for all m provided u(m) #0, - - - , u(mz) 
~0. Formulas (15) and (16), together with u*(m, - - , m,) =0 
for u(m)u(me) - - - w(m,) =0, determine p’ in all cases. 


3. An A pplication. By means of the general u*, we may trans- 
form the series 


(17) 2, Blm, ym), 


summed over all positive m; satisfying the condition M* of (4). 
Now by (4), the series in (17) equals 


x 


(m)=1 elm 
(18) Ww u*(e1, ex)B(exm,, exmx), 
(m)=1 (e)=1 
(m)=1 
where 
(19) y(m1,---, mx) = , , exme). 


(e)=1 


Formulas (18) and (19) effect the transformation. 
The example mentioned in the Introduction is the special case 
s=2,k=3. 


4. The $-Functions. For arbitrary positive k, s we define the 
function $*(m, - - - , m,) as the number of sets of integers 


fe1,---, ex}, e; (mod 
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for which W* holds; W* is an abbreviation for the C;,.,, simul- 
taneous conditions 
= 1,---, is). 


Clearly ¢* is symmetric in the k arguments m, -- - , m,. For 
s=1, W* reduces to (e;, m;) =1, so that 


o'(mi,--- , mz) = o(m) --- o(m), 


where ¢(m) on the right is the ordinary ¢-function. In the other 
extreme case, s=k, assume m= - - - =m,; then clearly 


o*(m, m) o:(m), 


where ¢;(m) is Jordan’s function. From the definition, it is evi- 
dent that 


Secondly it is not difficult to show that ¢* satisfies (7); in other 


words, ¢* is a multiplicative function of m, - - - , m;. We pro- 
ceed to calculate 
(20) pt). 


If some e;>1, (20) may be reduced further. Thus, if say e,:>1, 
it follows from the definition that 


(21) o*(p%, p*) = p*). 


It is therefore necessary to calculate the function only in the 
case e;=1 or 0. Exactly as in §2, if e;=1 for t values and =0 for 
the remaining k—t¢ values, we replace (20) by the simpler nota- 
tion 

= o*(p'), 
for here again the function in question is easily seen to be in- 
dependent of k. 
The determination of $*(p‘) involves no difficulty. It follows 


from the definition that $*(p') =p‘ for t<s. For t2s, we may 
show that 


s—l 


t=O 


— 


| 
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Indeed, by the definition, 
pt — o°(p') = — + — 4+ 
so that 


s—l 
(23) $*(p') = Culp 
i=0 
which may be identified with (22). 
Again, expanding the right member of (23), we have | 
t i 


i=t—s+1 j=0 


Crip i (- 
7=0 i=0 


#2 j—s+1 
t 
= ptt Cusp (— 
7=s i=0 


i=s 


= ptt ip 


= C1, 
j=0 


by (14). Therefore, by (21) and (9), 


$*(p%, p**) = = 


Finally, since both ¢* and y’ are multiplicative, 
u*(di,--- , dx) 


=m ---m >, ~————» 
dy dy 


and thus @° is expressed in terms of p’. 


INSTITUTE FOR ADVANCED STUDY 
AND DvuKE UNIVERSITY 
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ON THE EXPANSION OF A FUNCTION ANALYTIC 
AT DISTINCT POINTS 


BY P. W. KETCHUM 


1. Introduction. Let ay, a2, --- , a, be a set of distinct points 
in the complex plane.* If 6;,(x) is any function which is analytic 
at a; and has a simple zero at a;, then for any sufficiently small 
positive number 6 the level curve |6.(x)| =6 will have one 
branch, Ci) , which satisfies the conditions (a) a, is interior to 
the curve C;* , (b) Cs -is a simple closed analytic curve, (c) a, 
is the only zero of 6;,(x) either inside or on C{*). Furthermore, if 
6’ and 6”’ are any two values of 6 such that 6’’>6’, then C3.“ 
contains C;-") in its interior. 

Let F,.n(x), (2=0, 1, 2,---;m=1, 2,---,»), bea set of 
functions all of which are holomorphic in and on each of the 
curves C,™ , and let each function have a zero of order 1 at a», 
and a zero of higher order than m at all the other points az, 
(k#m). Then in and on Cr™ , we have the Biirmann seriest 


(1) Fam(x) = Dice.” [6n(x)] 


s=0 


n+s 


= [An (x) 


where #0. In and on , (km), we have 


(2) Fasm(x) = [ox(x)] 


s=0 


n+s+1 


= [o.(x) 


We assume that these functions have been normalized so that 
1. Denote by ),,., (7=0,1,---;s=0,1,---), any set 
of positive numbers, independent of k, such that b,,o=1 and 


(m,k) 
Vas = Cn,s—1+8(m,k) 
m=1 


for s>0, where 5(m, k) is Kronecker’s symbol. Put 


* In the work to follow the points a; are assumed finite but the extension 
to the case where one point a; is the point at infinity is immediate. 
+ Whittaker and Watson, Modern Analysis, 4th ed., p. 131. 
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bin bn_1, 
(3) M, = max ( — : *), 


Using the above notation we shall now state the principal re- 
sult of this paper. 


THEOREM 1. Let the above number R be such that 


(4) 0< R < lim inf 


and such that 


(5) | | Q 
for x on the curves Cr‘ , where Q is a positive number independent 
of n,m, and k. Then if f(x) is analytic at the points ay, de, - ~~ , ay, 


it may be expanded in the simple series 


f(x) ao + ao,2F'o,2(x) ao,»F o,,(x) 


(6) 


This expansion will converge absolutely and untformly to f(x) in 
and on the curves C™ provided r= R and r<p, where p is any 
number such that f(x) ts analytic in and on every C,®. There ts 
moreover only one such expansion for f(x) which is uniformly con- 
vergent in Cr, R’>0. 


There are numerous examples in the literature of expansions 
of functions analytic in distinct regions.* There are fewer in- 
stances of expansions like those in Theorem 1, where an arbi- 
trary function analytic at several points can be expanded in 
the neighborhood of these points in a set of functions independ- 
ent of that neighborhood. The Jacobi polynomials{ furnish the 
simplest example of such an expansion. Other examples have 
been given by Walsh{ and, for the case of two points, by the 
writer.§ Theorem 1 includes these previous expansions of the 
writer’s. The relation with the Jacobi polynomials will be dis- 
cussed in §3. In the case of a single point, y=1, Theorem 1 is a 


* J. L. Walsh, Interpolation and Approximation, Colloquium Publications 
of this Society, vol. 20, p. 128. 

+ Alfred Kienast, Inaugural-Dissertation, Zurich (1906). 
t Op. cit., §§8.7 and 8.8. 
§ Annals of Mathematics, vol. 35 (1934), pp. 759-766. 
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new generalization of Biirmann’s series. For v=1, 0,(x) =x, it 
reduces to a theorem recently proved by Gertrude S. Ketchum 
which, in turn, includes numerous theorems of other writers.* 

In the above theorem, condition (4) is stated in terms of 
bounds on the coefficients qm. In some applications it is more 
convenient to have all the conditions stated in terms of a bound 


on the functions P,,m,4(x). We therefore let M,,, be such that 


(m,k) 
| Pin — | 


for x in and on the curves C,. If /], is the maximum length of 
the analytic curves C,{ , and T, is the upper bound of |az (x) | 
for x on C,), then it is easily seen that 


(m,k) 


Substituting this condition in Theorem 1 we get immediately 
the following corollary. 


Coro.iaryf 1. The function f(x) defined above may be expanded 
in one and only one series (6) which converges absolutely and uni- 
formly in and on the curves Cr , where0<R<p and 


R <o{1+ K,[o(v — 1) + 1]lim sup 


Theorem 1 and Corollary 1 become considerably simpler if 
we are interested only in the existence of the expansion in the 
neighborhood of the points a;. We now state fully this special 
case as a second corollary. 


CoROLLARY 2. Let f(x) be any function analytic at the distinct 
points a1, d2,-- , ay. Let Fn, m(x) be analytic in a set of regions Rx, 
(k=1, 2,---,v), where Ry, is independent of n and m and con- 
tains a; in its interior. Also let Fn. (x) have a zero of order n at ai, 


* Gertrude S. Ketchum, Transactions of this Society, vol. 40 (1936), p. 213. 

+ This reduces for »=1 and 6;(x)=x to a theorem of Takenaka, Tokyo 
Physico-Mathematical Society Proceedings, (3), vol. 13 (1931), pp. 111-117. 
See also I. M. Sheffer, American Journal of Mathematics, vol. 57 (1935), pp. 
587-614. 


| 
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if m=k and a zero of higher order than n if m#k. Suppose a func- 
tion 0.(x) extsts such that (1) 6:(x) has a simple zero at ax, (2) 
lim, [0.(x) |-" =1, and (3) | Fa [0.(x) ]-*| is bounded 
in Ry by a constant Q independent of n,m, and k. Then there exists 
a unique set of numbers n,m such that the series in (6) converges 
absolutely and uniformly to f(x) in each of a set of regions Ri, 
(k=1,2,---,v), where Ré contains a, in its interior. 


2. Proof of Theorem 1. Consider first the expansion of the par- 
ticular functions f,(x), (p=0, 1,---), where 


(7) f(x) By,x[6.(x) |” 


in some neighborhood of each of the points a,. The B,,, are con- 
stants. Proceeding formally, writing F,,»(x) in powers of 6,(x), 
and equating coefficients, we obtain the following recurrence 


relation on the coefficients of (6), which we shall call a?) : 


(Pp) 


Qn.m = 0, (n = 0, 1), 
(p) 
Ap,m 
(8) 
(p) (k,m) (p) 
Apt+qm = — 
r=0 k=1 
forg=1,2,---. 
Let A®), be a set of numbers defined by the relations 
(9) A, =1, Apta = bpir.q—rA ptr; (q = 1,2,--+). 
r=0 


Let d, be the largest of Boat for m=1,2,---,v. Then by in- 
duction 


(p) (p) 


(10) | (q = 0,1,---), 


for all values of m. Now 


by,2 0 
(p) 
A = 
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Let 
bp,1 1 0 
bp,q—1 bp+1,¢-2 1 


where the bracketed expression is to be expanded like a deter- 
minant except that all signs are to be taken positive. Then 


(p) (p) 
= A 


Also, by expanding D®),, we find that 


1 
Hence 
Dota (Opt + q—1) (bpp + M+ 


(bp41,1 + M 


Now the series 


(12) 
is dominated by 


(13) —1)R + 1]d,R? Re, 

q=0 
for x in and on the curves Cr®. Substituting the bound (11) 
in (13) we get a series with the ratio of the (¢+1)st to gth terms 
equal to (b)4¢,1+M,4,)R. From (4) it follows that for values of 


— 
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p+q2= Mo, this ratio is less than \<1. Hence (13) will converge 
for all p and for p= mp has a sum less than 


(14) — 1)R+ 1](1 — R?. 


Thus for each p, the series (12) converges uniformly for x in 
and on Cr®. By an extension of the Weierstrass double series 
theorem we can rearrange the terms in powers of 6;(x) and 
verify by means of the recurrence relations (8) that the sum 


of (12) is f,(x). 
Now consider the double series formed by summing (12) for 
p=0, 1, 2,---. This double series converges absolutely if the 


series (14) summed over p converges. But this evidently hap- 
pens if R<lim inf d>?, which in turn happens if R<p, which 
was part of our hypothesis. Hence, since this double series con- 
verges absolutely, the terms may be arranged in a simple series 
so as to yield the expansion (6) of our theorem. 


3. Generalization of Expansions in Jacobi Polynomials. In 
this section we give an illustration of the application of our 
theory. We obtain a simple class of expansions which are gen- 
eralizations of expansions in Jacobi polynomials. For simplicity 
we discuss only the question of the existence of the expansions. 

It will be shown that any function f(x) analytic at a,--- , a, 
can be expanded in the series (6), where 


Faim(x) = — ay)(x — ae) - (x — — an) 


the Gnim(x) being any functions subject to the three conditions: 
(1) the Gu.m(x) are each analytic at a;,--- , ay, (2) 
(3) |Gnim(x)| is bounded in some set of regions R, about the points 
a, by a constant independent of n, m, and k. In particular, these 
conditions will be satisfied if G,.(x)=1, in which case the 
F,,,m(x) reduce to the Jacobi polynomials. 

Without loss of generality we introduce certain normalizing 
constants and take F,,,m(x) to be 


— ay)(x — ae)---(% — ay) 


We choose 


= (% — — ae) - (x — 


= 
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Then 
Fn ,m(%) 
(x — ay) — Am_1)(¥% — Amys) — 


From this relation it is easily seen that all the conditions of 
Corollary 2 are satisfied, and our statement follows. 


UNIVERSITY OF ILLINOIS 


DUALISM IN ABELIAN GROUPS* 
BY REINHOLD BAER 


It has been provedj{ that a finite Abelian group contains as 
many subgroups of a given order 7 as it contains factor groups 
of order n (=subgroups of index m) and E. Steinitz{ knew that 
a finite Abelian group contains as many subgroups of a given 
structure n as it contains factor groups of structure n. It is the 
aim of this note to prove that such a dualism exists in the 
Abelian group G if, and only if, G is a group without elements 
of infinite order whose primary components are finite. This is 
remarkable as an exception to the rule that every proposition 
which is satisfied in finite Abelian groups holds also true in 
every primary Abelian group such that the orders of its elements 
are bounded. 

Let G and G’ be two (additively written Abelian) groups. 
Then the function d is a dualism of G upon G’ if it has the 
following properties: 

(1) dis defined for every subgroup S of G and Sd is a uniquely 
determined subgroup of G’; 

(2) to every subgroup S’ of G’ there exists a subgroup S of 
G such that Sd=S’; 

(3) SST (SG) if, and only if, Td<Sd (SG’); 

* Presented to the Society, October 31, 1936. 

7 Garrett Birkhoff, Subgroups of Abelian groups, Proceedings of the London 
Mathematical Society, (2), vol. 38 (1934), pp. 385-401. 

1 E. Steinitz, Jahresberichte der Deutschen Mathematiker-Vereinigung, 
vol. 9 (1901), pp. 80-85. 
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(4) the subgroup S of G and G’/(Sd) are isomorphic. 

Conditions (1)-(3) imply that a dualism is a one-one-corre- 
spondence between the whole set of subgroups of G and the 
whole set of subgroups of G’ which interchanges cross cut and 
join of subgroups. In particular Gd=0, Od =G’. 

To every dualism d of G upon G’ there exists an inverse 
function d-' which maps the subgroups of G’ upon the whole 
set of subgroups of G, satisfies (1)-(3) and 

(4’) is such that the subgroup S’d- of G and G’/S’ are 
isomorphic. 

If d is a dualism of G and G’, then the transformation c of 
the set of all the subgroups of G upon the set of all the sub- 
groups of G’ is a dualism if, and only if, there exists a one-one- 
correspondence b between the subgroups of G such that 

(i) SST if, and only if, So<Tb;* 

(ii) S and Sb are isomorphic; 

(iii) c=bd. 

A dualism of G upon G is a dualism in G. 


THEOREM. There exists a dualism in the Abelian group G if, 
and only if, (a) the order of every element of G is finite; (b) every 
primary componentt G, of G is finite. 


Proor. 1. Assume that there exists a dualism d in G. The set 
F of all the elements of finite order in G is a subgroup of G and 
there exists therefore a subgroup W of G such that Wd=F. 
Since W and A/(Wd)=A/F are isomorphic, and since all the 
elements ~0 of A/F have infinite order, all the elements ~0 
of W are of infinite order. If furthermore w is an element of in- 
finite order, and w is the (infinite) cyclic subgroup of G generated 
by w, then G/(#d) is an infinite cyclic group and consequently 
Wd =F <wd, or W. Thus it has been proved that W is a 
subgroup of G which contains all the elements of infinite order 
and whose elements ~0 are of infinite order. 

If w+0 is an element of G, then there exists a positive integer 
n such that w is not contained in the subgroup V of G, generated 
by nw. Then G/V contains elements of finite order, that is, 
Vd" <G contains elements of finite order ;in other words, if G0, 


* That is, b preserves the situation of the subgroups of G. 
+ G, consists of all the elements of G whose order is a power of the prime 
number p. 
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then WG. Since the sum of an element of infinite order and of 
an element of finite order is an element of infinite order, W<G 
implies W=0. Condition (a) is therefore necessary for the exist- 
ence of a dualism in G. 

2. Assume that G does not contain elements of infinite order. 
Then G is the direct sum of its primary components G, and a 
dualism exists in G if, and only if, there exists a dualism in every 
G,. 

3. Assume that there exists a dualism in the primary Abelian 
group G of characteristic p. Denote by C the greatest subgroup* 
of G such that C=pC. Then C/S=p(C/S) for every subgroup 
S of C and C/S is therefore either 0 or infinite. If T is a sub- 
group of G and T’” its intersection with C, then C/T’ is isomor- 
phic with a subgroup of G/T. Hence CST, if G/T is finite. The 
cross cut D of all the subgroups of finite index in G contains 
therefore C. Since G is the join of its finite subgroups, since 
furthermore the subgroup S of G is finite if, and only if, Sd is 
of finite index in G, it follows that CSD=Gd=0, that is, 
C=0; in other words, the subgroup S of G satisfies S=pS 
if, and only if, S=0. 

If the orders of the elements of the primary group G are not 
bounded, then there exists a subgroup U of G, such that G/U 
is countable and the orders of the elements of G/U are not 
bounded. It is a consequence of the general theory of countable 
primary groups{ that there exists a subgroup V of G satisfying 
UsV<G, 0#G/V=p(G/V). The subgroup V’ of G such that 
V’d=V satisfies, therefore, O0# V’=pV’, and this is impossible 
as proved above. The orders of the elements of G are therefore 
bounded. 

If G is infinite, then the number 7(G) of elements in G, the 
number of elements of order , and the number of subgroups of 
order p are equal. Since the orders of the elements of G are 
bounded, there existst a basis bo, b1,---, b.,---, of G (if 
containing r(G) elements. One of the elements say do, 


* Cis uniquely determined, since the join of subgroups S, satisfying S=pS, 
satisfies also this equation. 

Tt See L. Zippin, Countable torsion groups, Annals of Mathematics, vol. 36 
(1935), pp. 86-99. 

t For a proof see, for example, R. Baer, Der Kern, eine characteristische 
Untergruppe, Compositio Mathematica, vol. 1 (1934), pp. 254-283. 
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has an order which does not exceed the order of any element b,. 
Then the elements pbo, , - , generate 
for every choice of the integers e, a subgroup of index p, and 
since the number 7(G) of the elements ), is infinite, there exist 
at least 2° subgroups of index p. Since r(G) <2", this is a 
contradiction to the existence of a dualism in G, that is, G is 
finite and (b) is therefore a necessary condition for the existence 
of a dualism. 

4. Assume that G is a finite (primary Abelian) group. Denote 
by I the group of all the characters* of G. Then there exists an 
isomorphism f, mapping T upon G. If S is any subgroup of G, 
then let II(.S) be the group of all those characters of G which 
map S upon 0. Since S, the group of characters of S, and ['/II(S) 
are isomorphic groups, it follows that Sd =II(S)f is a dualism in 
G. 

This dualism d satisfies not only (1)-(4), but also (4’), and 
the additional condition 

(5) there exists an automorphism of G mapping the subgroup 
S upon T if, and only if, there exists an automorphism of G 
mapping Sd upon 7d. 

Furthermore this dualism interchanges order and height.f 


CorROLLAry. There exists a dualism of the Abelian group G upon 
the group G’ if, and only tf, (a) G and G’ are isomorphic; (b) there 
exists a dualism in G. 


For if d is a dualism of G upon G’, then G and G’/(Gd) =G’ 
are isomorphic. If furthermore e is an isomorphism of G’ upon 
G, then de is a dualism in G. If, conversely, d is a dualism in 
G and e an isomorphism of G upon G’, then de is a dualism of 
G upon G’. 


THE INSTITUTE FOR ADVANCED STUDY 


* For the theory of characters of finite abelian groups, see, for example, 
E. Heike, Vorlesungen iiber die Theorie der algebraischen Zahlen, 1923. 

ft Since the subgroup of the elements x which satisfy p‘x=0 and the sub- 
group of the elements x= p‘y for y in G are mapped upon each other. 
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LA DERIVEE AREOLAIRE ET LES POTENTIELS 
GENERALISES DANS LA MECANIQUE DES 
MILIEUX CONTINUS 


PAR N. THEODORESCO 


1. Introduction. La lecture des travaux de M. Griffith C. 
Evans sur un systéme elliptique correspondant 4 |’équation de 
Poisson et de ceux, plus récents, de M. J. H. Binney sur un 
systéme d’équations intégrales généralisant ce systéme, nous a 
permis de faire certains rapprochements avec la notion de 
dérivée aréolaire due 4 M. Pompeiu, que nous avons reprise et 
étudiée systématiquement, en 1931, dans notre Thése de doc- 
torat* et dans plusieurs autres mémoires. 

La présente note a pour but d’établir ces rapprochements et, 
en méme temps, de donner un exemple d’application de cette 
notion 4 des problémes de la mécanique des milieux continus. 

Pour ce qui concerne les considérations d’ordre historique, 
relatives 4 la dérivée aréolaire, jusqu’en 1930, nous renvoyons 
le lecteur au mémoire de M. E. R. Hedrick sur les fonctions non- 
analytiques. f 


2. La Dérivée Aréolaire et les Potentiels Généralisés. La dérivée 
aréolaire est la limite du rapport 


Df 1 fef(s)ds 
(1) 


ou f(z) = P(x, y) +70(x, y) est une fonction complexe de z, non- 
analytique, dont nous supposerons seulement les parties réelle 
et imaginaire continues dans un domaine connexe; C est une 
courbe simple fermée et rectifiable, D le domaine limité par C; 
la limite est prise lorsque C se resserre indéfiniment autour d’un 
point M du plan. 

Cette notion avait d’ailleurs été considérée par plusieurs 
auteurs avant nous, mais, ils avaient envisagé uniquement /e 


* N. Théodoresco, La dérivée aréolaire et ses applications 4 la physique 
mathématique, Thése, Paris, 1931. 

¢ E.R. Hedrick, Non-analytic functions of a complex variable, this Bulletin, 
vol. 39 (1933). 


= 
= 
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cas o& f(z) admet des dérivées partielles du premier ordre con- 
tinues. 
Dans ce cas, la dérivée acquiert l’expression simple suivante 


Dw 2L\ 0x oy ox oy 


et l’on constate que les parties réelle et imaginaire de f(z) 
satisfont au systéme suivant 


aP aP 
3 — —— = 9), — = 2B x, 
Ox oy Ox + oy (x y) 
ou 
A+iB (z) = Dj 
1b = = 


Or, cette restriction a l’inconvénient de limiter la portée de 
la notion de dérivée et de ia rattacher d’une maniére un peu 
artificielle 4 celle de dérivée partielle. 

C’est pourquoi nous avons pris en considération la classe des 
fonctions continues pour lesquelles la dérivée (1) existe sur un 
ensemble de points. Nous avons appelé ces fonctions monogénes 
(a) sur l’ensemble en question et avons montré le résultat 
suivant. 


La fonction f(z) étant continue dans un domaine A, si l’intégrale 


(4) F(C) = f(z)dz 


est une fonction additive et absolument continue du domaine D, 
limité par la courbe C supposée simple, fermée, et rectifiable, la 
dérivée aréolaire (1) de la fonction f(z) existe presque partout dans 
A et est une fonction intégrable (L) sur tout D<A. 

On a en plus, 


1 1 
(5) f sea: —ff ¢(v)dw = 0 
Cc D 


pour tout couple C, D, la premiére intégrale étant prise au sens 
ordinaire, la seconde au sens de Lebesgue. 


Ce résultat est complété par un théoréme réciproque. 


= 
— 


1937.] DERIVEE AREOLAIRE ET POTENTIELS 127 


Si deux fonctions: f(z) finie et continue dans une région bornée 
A et $(z) intégrable (L) sur tout ensemble mesurable E <A, satis- 
font 4 la relation (5) pour tout contour rectifiable, simple et fermé, 
limitant un domaine D <A, f(z) est presque partout monogéne (a) 
dans A, sa dérivée aréolaire ne différent de @(z) que sur un ensemble 
de mesure nulle. 


Ce résultat généralise le théoréme classique de Morera et 
peut servir comme critérium de reconnaissance des fonctions 
monogénes (a) presque partout dans un domaine. 

Les fonctions monogénes (a), dont la dérivée aréolaire est 
bornée et intégrable (L), peuvent étre représentées par la formule 


D 


ou le premier terme est holomorphe et le second, que nous al- 
lons désigner par g({), est monogéne (a) dans D et holomorphe 
au sens classique 4 |’extérieur de D. 

Ces résultats ont été ensuite étendus par M. Gr. C. Moisil 
au cas ou F(c) n’est pas absolument continue dans D, mais 
seulement 4 variation bornée, et n’a que des discontinuités de 
premiére espéce, en généralisant de cette maniére des résultats 
de M. Evans en théorie du potentiel.* 


Il montre qu’il existe une fonction additive d’ensembles mesu- 
rables (B), soit ®(e), telle que pour toute courbe C pour laquelle 
F(C) est continue, on att 


(7) F(C) = ®(D). 


L’intégrale 


(8) 


est dans ce cas la solution de l’équation fonctionnelle (5). 


M. Moisil a méme étendu ces résultats 4 une classe de sys- 
témes d’équations fonctionnelles dans un espace 4 m dimensions. 
En 1932, indépendamment de nos travaux, en poursuivant 


* Gr. C. Moisil, Sur un systéme d’ équations fonctionnelles, Comptes Rendus, 
vol. 192 (1931), p. 1344. 


— 
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ses recherches sur le potentiel, M. Evans* a abordé |’étude du 
systéme (3), dans la supposition générale que les fonctions 
A(x, y) et B(x, y) sont seulement bornées et intégrables (ZL), 
systéme que nous avons, 4 notre tour, examiné dans des hypo- 
théses plus restrictives et remplacé ensuite par |’équation fonc- 
tionnelle (5), qui nous permettait de faire des applications 
physiques de la notion de dérivée aréolaire. 

M. Evans établit les conditions dans lesquelles le systéme (3) 
admet une solution représentable par des potentiels. 

Plus tard, en 1935, M. J. H. Binney,f entreprend, sans con- 
naitre nos résultats, une recherche sur un systéme de relations 
intégrales qui se raméne, de méme, 4 |’équation fonctionnelle 
(5). 

Par l’emploi des méthodes de M. Evans, il trouve un théoréme 
qui étend notre théoréme de Morera (et aussi celui de Moisil) 
au cas général ot l’intégrale de Cauchy (4) est une fonction 
o(D)=A(D)+iB(D) complétement additive d’ensembles me- 
surables (B) dans un domaine simplement connexe A, D dé- 
signant le domaine limité par une courbe simple rectifiable et 
fermée C, la fonction f(z)=P+7Q étant seulement intégrable 
(L) dans A. Moyennant quelques restrictions relatives 4 l’exis- 
tence de certaines intégrales, M. Binney établit aussi l’extension 
de notre formule (6) et la formule donnée par Moisil, ot la 
fonction g(¢) prend la forme d’intégrale de Stieltjes (8). 

Ce bref apergu historique de la question compléte sur quel- 
ques points celui donné par M. Hedrick dans le mémoire pré- 
cité, qui s’arrétait 4 l’année 1930. 


3. Les Applications 4 la Mécanique des Milieux Continus. La 
notion de dérivée aréolaire, prise au sens général, s’est montrée 
utile méme dans les applications physiques. Elle nous a permis, 
dans quelques problémes de la mécanique des milieux continus, 
de substituer aux équations aux dérivées partielles du second 
ordre des équations fonctionnelles du type (5), et aux phéno- 
ménes ponctuels exprimables par des relations entre les dérivées 
partielles, des phénoménes globaux, c’est-a-dire intéressant 


*G. C. Evans, An elliptic system corresponding to Poisson’s equation, 
Szeged Acta Litterarum ac Scientiarum, vol. 6 (1932). 

7 J. H. Binney, An elliptic system of integral equations on summable func- 
tions, Transactions of this Society, vol. 37 (1935). 


| 
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toute portion finie détachée par la pensée dans le milieu con- 
sidéré. 

Cette interprétation des faits est bien dans |’esprit des idées 
de M. Evans, qui remplace |’équation de Laplace par des rela- 
tions globales dans le probléme de Dirichlet, comme I'ont fait 
ensuite M. Bouligand pour le probléme de Neumann et M. 
Oseen pour les équations des fluides visqueux. 

Dans ce qui suit, nous donnerons un exemple d’application 
de la théorie de la dérivée aréolaire 4 la recherche de la distribution 
des efforts intérieurs dans un milieu continu. 

Nous nous bornerons 4 étudier un milieu plan et nous sup- 
poserons qu’il s’agit d’un milieu pour lequel l’ellipse de Lamé 
‘se réduit un cercle. 

En désignant par T., T, les composantes des efforts intérieurs 
sur les axes Ox, Oy, on aura, 


aX; + BXe, = aY, + 


ou a=cos ¢, B=sin ¢, ¢ étant l’angle de la normale 4 un élé- 
ment détaché du milieu, avec l’axe Ox. 

Nous supposerons qu’en chaque point M du milieu s’exer- 
cent des forces extérieures X, Y bornées et intégrables (ZL). II 
ne sera donc point possible de chercher les équations d’équilibre 
par la méthode classique. 

Mais cela ne constitue pas un inconvénient, car les équations 
de |’équilibre intérieur peuvent étre conservées sous leur forme 
globale, ne faisant pas intervenir la dérivée partielle: 


f (aX, + BX2)ds = ff pXdo, 

Y é 

[fore 
7 é 


f [a(x¥1 — yX1) + B(x¥2 — yX2)]ds = f p(x¥ — yX)do, 
6 


p étant la densité du milieu au point MM, les fonctions X,, V1, 
Xo, Y2 étant supposées continues dans le milieu; y est un con- 
tour simple rectifiable et intérieur au milieu, que, pour plus de 
simplicité, nous supposerons doué d’une tangente unique vari- 
ant d’une maniére continue; 6 est le domaine limité par y. La 
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troisiéme équation, dont on déduit, par l’application de la for- 
mule de Green, X2= Yi, peut conduire au méme résultat, méme 
dans ce cas général ow |’emploi de la formule de Green n’est 
plus possible, si l’on fait appel 4 la dérivée extérieure de M. 
Cartan* qui est d’ailleurs en étroite relation avec la dérivée 
aréolaire. 

On sait que si l’on a 


ff Pax + -ff Rdxdy, 


avec R(x, y) bornée et intégrable (L), on appelle R la dérivée 
extérieure de la forme différentielle w= Pdx+(Qdy, et que 


dy dy 
(9) + Qdy) = ff [ax +Q—- dxdy 
Ox oy 


pour toute fonction A(x, y) continue et 4 dérivées partielles du 
premier ordre continues. 
En écrivant la troisitme équation d’équilibre sous la forme 


+ BY2)ds — f + BX2)ds = f — yX)do, 
7 é 


et appliquant 4 chacun des termes du premier membre |’opéra- 
tion (9), tout en tenant compte des autres équations d’équilibre, 


on obtient 
J sav. + = ff + rae, 
5 


f y(aX1 + BX2)ds = f f (pyX + X2)do, 
6 
ff (X, — Vi)do = 0, 
é 


et, puisque les fonctions X,, Yi, X2, Ye, sont supposées con- 
tinues, 


d’ou 


Xe Y; 


* Voir N. Théodoresco, Sur l'emploi de conditions globales dans quelques 
problémes physiques, Annali di Matematica, (4), vol. 11 (1932). 


— 
= 
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conclusion identique 4 celle qu’on efit obtenue par |l’emploi de 
la formule de Green, si cela avait été possible. 

Posons X;= Ni, X2= Y1=T, et imposons 4 1’ellipse 
des efforts (de Lamé) la condition de se réduire 4 un cercle: 
= N24+ T?+ (N2 — NZ) cos 26 

+ T(N; + N2) sin 2 
doit étre indépendant de ¢, c’est-4-dire qu’on doit avoir N;+ N2 
= 0; soit, N, Ne = N. 

Les équations d’équilibre deviennent dans ce cas 


f nay — Tdx = J fox, 

6 

f tay + Ndx = J for. 
é 


dx = — Bds, dy = ads. 
Posons 
T + iN = f(z), p(Y + iX) = 29(z). 


Le systéme d’équations fonctionnelles (10) devient 


= f f 


pour tout couple y, 6 de D, équation qui exprime, d’aprés le 
théoréme que nous avons donné au §2, le fait que ¢(z) est 
presque partout la dérivée aréolaire de f(z). 

En introduisant la fonction 


1 $(v) 
> 


on a une intégrale particuliére de cette équation. L’intégrale 
générale sera f(z) =h(z)+¢(z), ot h(z) =ho(x, y) (x, y) est un 
fonction holomorphe dans D. Posons 


g(z) = go(x, vy) + igi(x, y). 


| 
ou 
- 
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Supposons que sur le contour C du milieu D |’on connaisse une 
relation linéaire entre T et N, soit 


a(s)T(s) + b(s)N(s) = e(s), 


avec a(s), b(s), c(s) fonctions continues connues. 

La détermination des efforts revient 4 la résolution d’un 
probléme d’Hilbert pour la fonction holomorphe A(z), car la 
condition aux limites imposée peut s’écrire 


a(s)ho(s) + b(s)ha(s) = c(s) — [a(s)go(s) + b(s)gi(s)], 


le second membre étant parfaitement connu et continu (car 
g(z) est continue dans tout le plan). 

Par exemple, supposons connu en chaque point de C I’effort 
normal Ty 


Ty = aT, + BT, = N cos 26+ T sin 26 = c(s). 


Mais cos 2¢ et sin 2¢ sont connus le long de C et si l’on suppose 
que C est doué d’une tangente unique variant d’une maniére 
continue, le probléme revient 4 celui d’Hilbert. 

En conclusion, la méthode de la dérivée aréolaire permet de 
résoudre ce probléme de la mécanique des milieux continus sans 
passer par les dérivées partielles, donc sans imposer 4 la dis- 
tribution des efforts la condition d’étre représentable @ priori 
par des fonctions dérivables, ni 4 celle des forces extérieures 
d’étre au moins continue 4 la Lipschitz, afin d’assurer aux équa- 
tions aux dérivées partielles introduites des intégrales repré- 
sentables par des potentiels. 

Nous croyons méme, qu’en procédant de la sorte, on suit une 
voie naturelle, qui fait remonter directement des conditions 
d’équilibre écrites sous forme globale, c’est-a-dire sous la forme 
qui est la plus conforme 4 la qualité de continuité attribuée au 
milieu, 4 la solution du probléme proposé. 

La formule, qui exprime l’intégrale, est simple et naturelle. 
Elle est bien en accord avec les idées de M. Evans sur le prob- 
léme de Dirichlet, et nos résultats concernant |’équation fonc- 
tionnelle (5), que M. Binney a étendus 4 des cas trés généraux, 
permettent d’envisager, le cas échéant, des problémes trés 
amples. 


BuCAREST, ROUMANIE 
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DISTANCE FUNCTIONS AND THE 
METRIZATION PROBLEM* 


BY A. H. FRINK 


1. Introduction. The metrization problemf is concerned with 
conditions under which a topological space is metrizable, that 
is, is homeomorphic to a metric space. A space is metric if to 
every two points a and bd, a non-negative real number ab is 
assigned satisfying the well known conditions: 

I. ab=02f and only if a=b; 
II. ab=ba, (symmetry); 
III. acSab+bc, (triangle property). 
A metrization theorem is usually proved by actually introducing 
such a distance function into the space. However, it is often 
easier to introduce first into a topological space a distance func- 
tion satisfying the following conditions IV or V instead of III: 

IV. If ab<eand ch <e, then ac <2e (generalized triangle prop- 
erty); 

V. For every there exists o(€)>0 such that if ab<(e) 
and ch<(e), then ac<e (uniformly regular). 

Condition V reduces to IV if $(€)=«€/2. Chittenden{ has 
shown that a space with a distance function satisfying I, II, and 
V is metrizable. Chittenden’s proof is somewhat long and com- 
plicated. Furthermore, while the existence of a distance function 
satisfying III is proved, it is not defined directly in terms of 
the original distance function satisfying V. Alexandroff and 
Urysohn§ make use of Chittenden’s theorem introducing a 
metric satisfying IV. Niemytskil] and W. A. Wilson{ make use 
of Alexandroff and Urysohn’s result. 

Without relying on Chittenden’s theorem, the present paper 
gives a simple, direct. proof that a topological space with a dis- 
tance function satisfying I, II, IV is metrizable. The method 


* Presented to the Society, September 1, 1936. 

t See Chittenden, this Bulletin, vol. 33 (1927), pp. 13-34. 

t Transactions of this Society, vol. 18 (1917), p. 161. 

§ Comptes Rendus, vol. 177 (1923), p. 1274. 

|| Transactions of this Society, vol. 29 (1927), p. 507. 

| American Journal of Mathematics, vol. 53 (1931), p. 361. 
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used gives a direct proof of Chittenden’s theorem itself. By 
means of this method it is also possible to simplify greatly the 
proofs of several well known metrization theorems by intro- 
ducing the final metric directly in terms of the original condi- 
tions. As further applications of this method of introducing a 
triangle axiom metric, some new metrization theorems are 
proved for spaces with unsymmetric distance functions and in 
terms of the neighborhoods of spaces satisfying Hausdorff’s first 
countability condition. 


2. Condition IV and Chittenden’s Theorem. LEMMA. If a, i, 
Xe, °° +, Xn, b are any n+2 points of a space with a distance 
function satisfying I, 11, and IV, then 


(1) ab S + 4aixe + +--+ + 44,14, + 


Proor. Suppose the lemma false. Then there is some value 
of » for which (1) does not hold. Let N be the smallest such 
integer. Then 


(2) ab > + + + + 2anb, 


while (1) holds for n<N. Now N>1, for with n=1, the re- 
lation (1) is a consequence of IV. It follows from IV that for 
every x, either 


(3) ab S 2ax,, 
or 
(4) ab S 2x,b. 


If r=1, (3) does not hold because of (2), hence (4) does. Like- 
wise (4) does not hold for r= N. Let & be the largest value of r 
for which (4) holds. Then k < N, and 


(5) ab S 2x,b. 

From the definition of k, 

(6) ab S 2axp41. 

Since (1) holds forn<JN, 

and 
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(8) S + +--+ + + 
Adding (7) and (8) and combining with (5) and (6) gives 
(9) ab S 2ax, + +--+ + 4xy_ity + 2xyb, 


which contradicts (2). 

In a space with a distance function satisfying I, II, and IV, 
this lemma makes it possible to define a new distance function 
satisfying III in the following simple way. Given two points 
aand 3, let x1, x2, - - - , x, be any finite number of points of the 
space, not necessarily distinct from each other or from a and b. 
Define d(ab) to be the greatest lower bound of ax,+x:x%2+ - - - 
+xn1%,+x,b for all possible selections of x1, %2,---, X, in 
the space.* Then it follows from the lemma that ab/4 <d(ab) Sab. 
Hence the distance function d(ab) leads to the same definition 
of limit point as the old distance function and is equivalent to it. 
It clearly satisfies I, II, and III. 

The same method. can be used to prove that a space with a 
distance function satisfying I, II, and V is metrizable. Because 
a distance function satisfying III is necessarily continuous, while 
one satisfying IV or V is not, Chittenden’s proof of this theorem 
made use of the result that a normal space has non-constant 
continuous functions. The following method is more direct. If 
the given distance function satisfies V, it may be assumed that 
o(€e) S€/2, since may be replaced by any y(e) S¢(e). Let 
If ab=n, define d(ab)=1. If define d(ab) =2-". 
Then if ab satisfies V, d(ab) satisfies IV. Furthermore, we see 
that d(ab) is equivalent to ab since, if aa, approaches zero, so 
does d(aa,), and conversely. Now let 6(ab) be the greatest 
lower bound of - - - for 
all x1, x2, ---, x, of the space. Then as above, 6(ab) satisfies 
III and is equivalent to ab. This proves Chittenden’s theorem 
that a space with a symmetric, uniformly regular distance func- 
tion is homeomorphic to a metric space. 


3. Conditions of Alexandroff and Urysohn, Niemytski, and 


* The same method of introducing a metric has recently been used by 
Garrett Birkhoff, Compositio Mathematica, vol. 3 (1936), p. 429. I have 
learned from Chittenden that M. Aronszajn in 1933 found a different proof of 
a slightly weaker form of the above lemma, which has not yet been published. 


i 
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W. A. Wilson. The following conditions, due essentially to 
Alexandroff and Urysohn (loc. cit.) are necessary and sufficient 
that a neighborhood space (espace V of Fréchet) be metrizable: 


There exists in the space H a sequence of families of sets {Gi}, 
{Ge},---, {G.},---, the logical sum of all the sets {G,} of 
any one family being the entire space H, such that: 

A. If two sets G, and G,! of the nth family (n>1) have a com- 
mon point, then they are both contained in some set G,_1 of the 
(n—1)th family. 

B. If a and b are distinct points, there exists an n such that no 
set G,, of the nth family contains both a and b. 

C. Let S,(x) be the logical sum of all sets G, of the nth family 
which contains the point x. Then the sets { S,(x) } form a complete 
system of neighborhoods of the point x. 


The condition corresponding to C originally given by Alexan- 
droff and Urysohn implied that the sets {G,} are all open. The 
form given here is more convenient for the applications to be 
made later in this paper to cases where the sets {G,} are not 
necessarily open sets. 

Alexandroff and Urysohn gave the following method of intro- 
ducing a metric satisfying I, II, and IV if conditions A, B, and 
C are satisfied. If no G, contains both a and 3}, define ab=1. If 
n is the largest integer such that a and b are both contained in 
some set G,, define ab=2-". This distance satisfies IV. Alex- 
androff and Urysohn then used Chittenden’s theorem. By 
combining this method with the method of the present paper, 
a metric satisfying I, II, and III may be introduced directly 
and independently of Chittenden’s result as follows. For con- 
venience let {Go} be a single set H, the entire space. Call a 
collection of sets G,,, Gn,, - - - , Gn, of the covering families a 
chain joining a and 6b provided G,, contains a and G,, contains }, 
and two successive sets of the chain have a common point. 
Define the length of the chain to be + +, where 1, de- 
notes the family to which G,, belongs. There exists at least one 
chain joining any two points a and b, namely, Go. Now define 
d(ab) to be the greatest lower bound of the lengths of all chains 
joining a and 5b. This distance satisfies I, II, and III, and leads 
to the same definition of limit point as the original neighbor- 
hoods if conditions A, B, and C are satisfied. This shows the 
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sufficiency of Alexandroff and Urysohn’s conditions. The neces- 
sity follows from the fact that in any space with a distance func- 
tion satisfying I, II, and IV, the spherical neighborhoods of all 
points of the space with radius 2-", (n=1, 2,---), forma 
sequence of families {G,} satisfying A, B, and C. 

Niemytski and W. A. Wilson (loc. cit.) consider the following 
conditions: 

Via. Given a point a and a number e>0, there exists a number 
€)>0 such that tf ab<d(a, €) and ch<d¢(a, €), then ac<e. 
(Called by Niemytski the local axiom of the triangle.) 

VIb. Jf aa,—0 and b,a,—0, then ab,—0. (Coherent.) 

Vic. For each point a and each positive number k, there is a 
positive number r such that tf b is a point for which ab=k, and c 
is any point, then act+bc2r. (This is Wilson’s condition IV.) 

Niemytski has noted that VIa and VIb are equivalent and VIc 
is easily seen to be equivalent to Vla. Any distance function 
which satisfies these conditions may be called locally regular by 
analogy with V, which is called uniformly regular. By using 
Alexandroff and Urysohn’s result and Chittenden’s theorem, 
it has been shown that a space with a distance function satisfy- 
ing I, II, and VI is metrizable. 

This result can be established directly by the method of the 
present paper. Using VIa and assuming ¢(a, €) < «/2, let (a, €) 
=a, (a, €)]. For every point x of the space define ri(x) =1, 
and rnii(x) rn(x) |, (n=1, 2,---). Then r,(x)—0. Let 
V,.(x) be the spherical neighborhood with center x and radius 
r,(x), that is, V,,(x) consists of all points y such that xy <r,(x). 
Then the sequence of families of sets { Vi(x)}, { Vo(x)},---, 
where x ranges over the entire space, satisfies the conditions 
A, B, C imposed on the sets G, of the modified Alexandroff and 
Urysohn theorem given above. Hence a metric can be intro- 
duced in exactly the same way as has been indicated for that 
theorem. 


4. Unsymmetric Distance Functions. Most distance functions 
treated in the literature satisfy condition II. W. A. Wilson* 
has considered spaces with unsymmetric distance functions, but 
not in connection with the metrization problem. With an un- 


* American Journal of Mathematics, vol. 53 (1931), p. 675. See also 
Fréchet, Les Espaces Abstraits, p. 217. 
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symmetric distance function, it is necessary to be specific as to 
the definition of limit point in terms of distance. The definition 
to be used here is as follows: the point x is said to be a limit point 
of the set A if, for every €>0, there exists a point of the set A such 
that 0<xa<e. It is not necessary that 0<ax<e. Likewise, the 
point a is said to be the sequential limit of the sequence of 
points {a,} if aa,—0. It is not necessary that a,a—0. 

Lindenbaum* has shown that condition II may be omitted 
from the postulates for a metric space if condition III is re- 
placed by 


IIIa. acsab+cb. 
The distance function is still symmetric, however, since II is a 
consequence of I and IIIa. Condition II may also be omitted 
if I and IV, or I and V are assumed. 


THEOREM 1. A space with an unsymmetric, uniformly regular 
distance function is metrizable. 


Proor. Suppose ab satisfies I and V. With a=), V gives the 
result: if ca<(e), then ac<e. Hence aa,—0 if and only if 
a,a—0. The distance function ab may not be symmetric. Let 
d(ab) be the maximum of ab and ba. Then d(ab) is symmetric 
and satisfies V, and with the same function ¢(e). For if d(ab) 
and d(bc) <@(e€), then ab<¢(e), and ch<¢(e). Hence V 
implies that ac<e and ca<e and hence d(ac) <e. The distance 
d(ab) is seen to be equivalent to ab. The same method may be 
used for condition IV, which is a special case of V. 

If the distance function is locally regular instead of uniformly 
regular, that is, if condition VI is satisfied instead of V, condi- 
tion II may not be omitted if the space is to be metrizable. For 
an example can be constructed of a space with a countable 
number of points and a distance function satisfying I and VI 
in which not every derived set is closed. 

Corresponding to VI for unsymmetric distance functions, how- 
ever, the following condition involving four points instead of 
three implies with I that the space is metrizable. 


VII. Given a point a and a number e>0, there exists a number 
€) >0 such that if ab<(a, €), ch<(a, €), cd<(a, €), then 
ad <e. 


* Fundamenta Mathematica, vol. 8 (1926), p. 111. 


a 
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THEOREM 2. A space with an unsymmetric distance function 
ab satisfying 1 and VII is homeomorphic to a metric space. 


Proor. Assume ¢(a, €) S€/2. Let (a)=1, re(a)=o(a, 1), 
- , r,(a)=(a, Then r,(a)—0. Let U,(a@) consist of all 
points x such that ax<r,(a). Now for two points a and 3, if 
U,(a) and U,(b) have a point x in common, >1, then either 
U,(b) ¢ U,_-1(a) or U,(a) U,4(b). For suppose r,(a) 21,(b). 
Then ax<r,(a), bx<r,(b) Sr,(a). For any point y in U,(d), 
by <r,(b) Sr,(a) =(a, rns). Hence by VII, ay<r,_s(a), that 
is, U,(b) ¢ Similarly, if r,(a) >7r,(b), Un(a) ¢ Un_x(0). 
Now define a distance function d(ab) as follows. If a and 6 are 
not both in any U,(x), then d(ab) =1. If a and b are in U,(x) for 
some x but not both in U,4:(y) for any y, define d(ab) =2-". 
For any a and 3b there will be some 7 such that no U,(x) con- 
tains both a and 4, namely, an 7 such that 2'-*< (a, ab). For 
if, for some x, U,(x) contained both a and b, then obviously 
aa<@(a, ab). Also ab), xb<1r,<o(a, ab). 
Then VII gives ab<ab, which is a contradiction. The dis- 
tance function d(ab) leads to the same definition of limit point 
as the distance function ab; that is, if aa,—0, d(aa,)—0, and 
conversely. For, given a and e>0O, there is an m such that 
<e. Choose m so that 2—-"<r,(a). Then if d(aa,) <<2-", 
from the definition of d(aa,), there is an x such that a and 
a, are both in Unmii(x). Then S2-"<1r,(a) and 
XA <tm41(x) S2-"<r,(a). Hence, by VII, <e. 
Conversely, for «>0, there is an m such that 2-"<e. Now if 
aa; <?,(a), then a and a; are in U,(a), and hence, by the defini- 
tion of d(aa,;), d(aa,) The new distance function d(ab) 
satisfies IV. If d(ab) <2-" and d(bc) <2-", then a is in some 
Unii(x) and c in some Unii(y), with the point 6 in common. 
Hence both a and ¢ are in either U,(x) or else in U,(y), that 
is, acS2-"<2!". Since I and IV are satisfied, the space is 
metrizable. 

As Fréchet has shown,* a distance function satisfying con- 
dition I, but in general unsymmetric, can be introduced into a 
neighborhood space if the neighborhoods of each point x form a 
monotonic decreasing sequence U;(x), Ue(x),---,Un(x),---, 
whose logical product is x. To do this, if ” is the smallest integer 


* Les Espaces Abstraits, p. 217. 
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such that U,(a) does not contain b, define a)=2-". This suggests 
the following metrization condition analogous to VII but stated 
in terms of neighborhoods. 


VIII. For every point a of a neighborhood space and every in- 
teger n there exists an integer m(a, n) >n such that tf b 1s any point 
for which Un(a) and Um(b) have a point in common, then U»(b) 
c U,(a). 


THEOREM 3. Jf the neighborhoods of every point x of a space 
form a monotonic decreasing sequence U,(x), U2(x),---, 
U,(x), --- , whose logical product is x, and tf condition VIII is 
satisfied, then the space is homeomorphic to a metric space. 


ProorF. For each point x select a subsequence of its neighbor- 
hoods { U,,(x) } as follows. Let m(x) =1, m2(x) =m[x, m(x)], -- -, 
N41(x) =m|x, n,(x)]. Let Vi(x) = Un,(x), = Un, (x), (r=1, 
2,--.-). Then if the sets V,(x), (r=1, 2, - - - ), satisfy condi- 
tions A, B, C of Alexandroff and Urysohn, the theorem is 
proved. Suppose that V,(a) and V,(b), (r>1), have a point in 
common and suppose u,(a) <n,(b). For convenience, let p=n,(a) 
and g=2,(b). Since the neighborhoods are monotonic decreasing, 
U,(b) ¢c U,(b). Then if V,(a)=U,(a) and V,(b)=U,(b) have 
a point in common, U,(a) and U,(b) have a point in common. 
But p=2,(a)=m [a, n,-1(a) |. Hence, by VIII, V-(6) ¢ V;_1(a). 
Likewise, if 2,(a) >n,(b), then V,(a) ¢ V,_1(b). Hence condition 
A of Alexandroff and Urysohn is satisfied. 

Condition B is also satisfied. For two points a and c, there 
is a U,(a) which does not contain c since the logical product 
of U;(x), Ue(x),--- is x. By VIII, for any given a and 2, 
there exists an m(a, n)>n. For this m, no set V,,(x) contains 
both a and c. Suppose some V,,(x) contains both a and c. Since 
Un(x) > Un,,(x) = V(x), Um(x) contains both and c. Since 
m>n, U,»(a) ¢ U,(a). Hence Un(x) and Un(a) have a point in 
common, namely a. Hence, by VIII, Un(x) ¢ U,(a). But Un(x) 
contains a and c and therefore U,(a@) contains a and c, which is 
a contradiction. 

As for condition C, let S,(a) be the logical sum of all sets V,(x) 
which contain a. Since S,(a) > V,(a) = U,,(a), S,(a) is a neigh- 
borhood of a. Now for a given a and 7, by VIII, there exists 
an m(a, r). For this m, S,,(a) ¢ U,(a). For, let 6 be any point 
of S,,(a), that is, 6 is any point of a set V,,(x)=U,(x) which 
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contains a. Now U,,(x)>U,,,(x). Hence U,(x) contains a as 
well as 5; also U,,(a@) contains a. By VIII then, U,,(x) ¢ U,(a). 
Hence bc U,,(x) ¢ U,(a) and S,,(a) ¢ U,(a). 

Since conditions A, B, C are satisfied, a distance function 
which satifies I, II, and III can be introduced directly in terms 
of the neighborhoods { V,(x)} by means of the notion of a chain 
of these neighborhoods joining two points a and b. 

This theorem gives conditions for the metrization of neigh- 
borhood spaces and a comparatively simple method of intro- 
ducing the metric. It should be noted that condition VIII is a 
local condition in the sense that it is concerned with the neigh- 
borhoods of a single point a. 

Condition VIII is not necessary for metrizability, but a 
necessary and sufficient condition can be given in terms of it. 


THEOREM 4. A necessary and sufficient condition that a neigh- 
borhood space be homeomorphic to a metric space is that for every 
point x there exists a sequence of neighborhoods, monotonic de- 
creasing, and whose logical product is x, selected from the original 
neighborhoods and equivalent to them, satisfying VIII. 


Proor. The preceding theorem proves the sufficiency of the 
condition. To prove the necessity, suppose the neighborhood 
space is metrizable. Then a distance satisfying I, II, and III 
may be introduced such that the spherical neighborhoods with 
this distance function are equivalent to the given U neighbor- 
hoods. Then every U neighborhood of x contains a spherical 
neighborhood of x and conversely. For each point x of the 
space, select Ui(x) such that the diameter of U(x), namely 
d[U,(x) ], is less than 1/2, and select U2(x) so that U2(x) ¢ Ui(x) 
and d[U2(x) | <1/4, and in general U,,(x) so that U,(x) ¢ Un_s(x) 
and d[U,(x)]<2-. That the selection can be made in this way 
follows from the fact that the U neighborhoods and these spher- 
ical neighborhoods are equivalent. The sequence { U,(x) } is 
obviously monotonic decreasing, its logical product is x, and it 
is equivalent to the original neighborhoods. To show that VIII 
is satisfied suppose a point a and an integer m are given. Then 
U,(a) contains a spherical neighborhood of a, S(a). Call the 
radius of this spherical neighborhood r and select m so that 
2!-™ <r. Then this is the m required by condition VIII. For sup- 
pose U,,(a) and U,,(b) have a point x in common, and let y be 
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any point of U,,(b). Then ax <2-™ and xy <2-™ from the condi- 
tion on the diameters of U,,(a) and U,,(b). Hence we have 
ay<2'-"<r, and therefore y is in S(a), which is contained in 
U,(a). Hence U,(b) ¢ U,(a). 

The condition of this theorem has an advantage over the con- 
dition of Alexandroff and Urysohn. The latter condition postu- 
lates the existence of families of covering sets {G,} having cer- 
tain properties, and in terms of these sets the distance function is 
defined. Given a neighborhood space, it might be difficult to 
determine whether such families of sets {G,} could be found. 
The condition of the present theorem also leads to the existence 
of such sets with the additional information that they are to be 
found among the original neighborhoods of the space. 
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AN INVOLUTORIAL LINE TRANSFORMATION 
DETERMINED BY A CONGRUENCE OF 
TWISTED CUBIC CURVES* 


BY J. M. CLARKSON 


1. Introduction. Consider the pencils of quadric cones 
K,—aK2=0, L,—8L2=0, each pencil having a common vertex 
which lies on all of the cones of the other pencil. For a given 
a, 8B the curve C(a, 8) of intersection of the cones is composite, 
consisting of the line ] of the vertices of the two pencils and 
a twisted cubic curve C3(a, 8B). As a, B take on all values inde- 
pendently, C;(a, 8) describes a congruence of space cubic curves. 
An arbitrary line ¢ of space will be bisecant to just one C3(a, 8), 
for any three points of space will determine a set of values for 
the parameters a, 8, p in the system 


(1) (Ki, — aKz) — p(L; — Ble) = 0 


of quadric surfaces, and if these three points be chosen on 1, 
then ¢ lies on the quadric of (1) so determined and will meet 
C;(a, B) twice. We shall henceforth write C3(t) for this curve. 
Now consider a fixed plane 7 and in this plane a Cremona 
involutorial transformation I of order m having a curve A,, of 


* Presented to the Society, December 27, 1934. 
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order m as its curve of invariant points. In case »=2, and T 
has only a finite number of invariant points, then m=0. The 
line ¢ meets 7 in one point T whose image in I is 7’. Through 
T’ there exists one and only one bisecant t’ of C;(t). We shall 
say that ¢ is transformed into ?#’ by the line transformation J 
and write t~(J)t’. This line transformation is involutorial, since 
t’ determines the same C;(t) and T’ has for its image in T the 
point 7. 


2. The Order of I. Let the Pliicker coordinates of ¢t be 
(v1, Ye, ¥3, V4, Vs, Ye). The three points chosen on ¢ have coordi- 
nates which are linear functions of y;, and the values of a, B 
are of the form ™(y)/ue(y), v1(y)/ve(y), where v; are found 
to be functions of degree one in y;.* Hence 


u2(y) K1(z) u(y) K2(z) 0, 


(2) 
ve(y)Li(z) — n(y)Le(z) = 0, 


are the equations of C;(t), where z; are the running coordinates 
of points in space. 
Now the quadric of the pencil 


(3) [u2(y)Ki(z) — Ka(z)] — Alve(y)Li(z) — = 0 


which passes through 7’ passes through C;(t). The coordinates 
of T’ are functions of degree m in y;, and hence the coefficients 
in (3) are of degree (2n+1) in y;. Through 7’ passes one gen- 
erator of each regulus of (3), but all of the generators of one 
regulus meet C3(t) twice and those of the other regulus meet it 
only once, and meet the line / which lies on all quadrics of the 
pencil. Hence ?¢’ is that generator of (3) which passes through 7” 
and belongs to the same regulus to which / belongs. The Pliicker 
coordinates x; of ¢’ are functions of degree 2 in the coefficients 
of the equation (3) and are thus functions of degree (4n+2) in 
yi. Hence J is of order (4n+2). 


3. The Invariant Lines of I. When t meets A, the curve of 
invariant points of [', then 7’=T, and hence t’=t. Thus the 
invariant lines of J form a special complex of order m, having 
A, as directrix. In the case of the quadratic involution for I, 


* The process used is that given in a paper by Snyder and Clarkson in this 
Bulletin, vol. 40 (1934), pp. 441-448. 
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having only a finite number of invariant points, this configura- 
tion of invariant lines becomes a finite number of bundles, hav- 
ing vertices at the invariant points. If however, m>0, any line 
t, in the plane 7 meets A,,, and /, is invariant and is counted m 
times in the complex. Thus the plane z= is a singular plane for 
the complex. We shall see further that ¢, is also singular in J. 


4. The Singular Lines of I. When t=!, then C;(t) is indeter- 
minate, since / meets every C;(a, 8) twice. But the point ZL where 
l meets 7 under I an image L’, and since J is involutorial, any 
line of the bundle (L’) may be considered as the conjugate of I. 

When ¢ meets 7 in a fundamental point R of I, then ?¢’ is 
any generator of a ruled surface 4, of order 4 times the multi- 
plicity r of R in T. In order to see this, consider the plane curve 
¢,; in 7, the principal curve corresponding to R in I’. Each point 
of ¢, may be taken as R’ and through this point passes one 
bisecant of C;(t). Thus @¢, is simple on %,. But, in 7 lie three 
bisecants of C3(t) and each of these meets ¢, in 7 points, thus 
making each bisecant of multiplicity 7 on ,,. The plane 7 then 
meets ®,, in ¢, and in three lines each of multiplicity r, making 
a total intersection of order 4r. 

When ¢=1/,, any line in 7, then any point of T,, the image of ¢ 
under I’, may be taken as 7” and thus ¢, is transformed by I 
into a ruled surface of order 47. 


5. The Special Linear Complex with Axis 1. We have already 
seen that the conjugate ¢’ of an arbitrary line ¢ does not meet 
the line / of the vertices of ihe pencils of cones, and since J 
is involutorial, a line ¢ belonging to the special linear complex 
with axis ] must have for its conjugate a line t’ which also be- 
longs to this special complex. The Pliicker coordinates of ¢ will 
be such that if t belongs to the regulus of (1) to which / does not 
belong, so will the Pliicker coordinates of t’ be such that t’ be- 
longs to this regulus also. Thus the special linear complex with 
axis / is invariant as a whole, but not line by line. 
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On page 877 of the December, 1936, issue of this Bulletin, 
in line 16, change O(n~‘), to o(n~*). 
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